
Econometrics Preliminary Exam 
Agricultural and Resource Economics, UC Davis 

August 19, 2019 

There are FOUR questions. Answer each part of each question. All questions are weighted equally. 
Within each question, each part will receive equal weight in grading. You have 20 minutes to read 
the exam and then four hours to complete the exam. # 

I. (a) Consider pX, Y q with joint p.d.f. fX,Y px, yq � 
26xy

0 
0 € x € 1, 
otherwise. 

0 € y € 1, 

(i) Obtain fX pxq, the marginal density of X. 

(ii) Obtain fY pyq, the marginal density of Y . 

(iii) Obtain ErY s and V arrY s. 
(iv) Obtain PrrY ¤ 0.5s. 
(v) Are X and Y independent? Explain. 

(b) These are unrelated questions. 

(i) Suppose random variable X has density fX pxq � 1 , 2 ¤ x ¤ 5.
3 

Find the moment generating function of X. 

(ii) Suppose X has mean 1 and standard deviation 2. 

Provide a range ra, bs for which Prra ¤ X ¤ b s ¥ 0.75. 
(iii) On average there is a 1% chance of having breast cancer. 90% of mammograms detect 
breast cancer when it is there. 5% of mammograms detect breast cancer when it is not there. 

What is the probability that a test on a randomly chosen person detects cancer? 

(c) Suppose we have a random sample x1, ..., xn of size n from a distribution with density 
fpx; θq � ? 1 expp�x2{2θq, �8 € x € 8, θ ¡ 0. X has first four moments ErXs � 0,

2πθ 
ErX2s � θ, ErX3s � 0, ErX4s � 3θ2 . 

(i) Obtain the first-order conditions for the MLE of θ. 

(ii) Is there an explicit solution for θp? If so, give it. 
? 

(iii) Using standard results for the MLE, give the limit distribution of npθp � θq. 
(iv) Suppose θp � 2.7 and n � 200. Do you reject H0 : θ � 3 against Ha : θ ˘ 3 at level 0.05? 

(d) These are unrelated questions. 
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(i) Obtain the density of Y � X3 when X has density fpxq � 2x expp�x2q, x ¥ 0. 
(ii) If θp �a 

Npθ, 4q find the asymptotic distribution of γp � θp2 . 

(iii) Suppose a random variable X has mean µ. Provide an example of an estimator of µ 
that is biased for µ but is consistent for µ. 

(iv) Suppose a random variable X has mean µ. Provide an example of an estimator of µ 
that is unbiased for µ but is inconsistent for µ. 

II. Linear Regression 

Consider the linear regression model y � Xβ � e, EpX 1eq � 0. Consider the OLS estimator 
β̂  � pX 1Xq�1X 1y. 

(a) Is β̂  an unbiased estimator for β? If yes, provide a proof. If no, state additional sufficient 
condition(s) for unbiasedness and prove unbiasedness under these assumptions. 

(b) Show that β̂  is consistent for β. State any assumptions you make. 

(c) Find the asymptotic distribution of β̂. State any assumptions you make. 

(d) Suppose you wish to test H0 : β1 � 0 vs H1 : β1 ˘ 0, where β1 is the first element of β. 
Write down the t statistic for this hypothesis and derive its asymptotic null distribution. 
State any assumptions you make. 

(e) Suppose β1 � 0.1, and consider the hypothesis test in part (d). What is the power of the 
test in the limit as n Ñ 8. 

(f) Suppose β1 � 0.1, and consider the hypothesis test in part (d). Using asymptotic theory, 
what sample size would give approximately the same power as if β1 � 0.9 and n=100? 

(g) Suppose you observe the variable Z instead of X, where Z � X � u. Under what 
conditions is β̃  � pZ 1Zq�1Z 1y consistent for β? Prove consistency and describe a realistic 
empirical setting under which these conditions would apply. If there are no such settings, 
explain what is unrealistic about the conditions. 

2 



III. Generalized Least Squares 

(a) Consider the linear regression model y � Xβ � e, Epe|Xq � 0. Assume the observations 
py1, x1q, py2, x2q, ..., pyn, xnq are independent and identically distributed. Consider two 

ˆ �1X 1estimators: β � pX 1Xq y and β̃  � pX 1WXq�1X 1Wy, where W is a positive definite 
matrix. 

˜ ˆ(i) Suppose Epee1|Xq � σ2In. Which variance is larger, varpβ|Xq or varpβ|Xq? Prove 
it. 

˜ ˆ(ii) Suppose Epee1|Xq � W �1 . Which variance is larger, varpβ|Xq or varpβ|Xq? Prove 
it. 

(b) Let yit � xit 
1 β � ai � uit for i � 1, . . . , n, t � 1, . . . , T . All asymptotics in this question 

pertain to n Ñ 8 while holding T fixed. Let Xi � pxi1, . . . , xiT q and ui � pui1, . . . , uiT q1 . 
Assume Erai|Xis � 0, Eruit|Xi, ais � 0, Erai 2|Xis � σ2 , Eruitui,t�τ |Xi, ais � ρτ for any a 

integer τ . 
Under the above scenario: 

(i) Write down the conditional variance covariance matrix of vi � ai1T � ui, Ω � 
Ervivi 1|Xis, where 1T is a T � 1 vector of ones. 

(ii) Would the pooled OLS estimator yield a consistent estimator for β? Write down 
the estimator and justify your answer by showing the probability limit of the pooled 
OLS estimator. Make any additional assumptions you require to show the proba-
bility limit of the pooled OLS estimator 

(iii) Is the pooled OLS estimator asymptotically efficient? If yes, explain formally. If 
not, propose an asymptotically efficient estimator. 

IV. (a) Suppose that for i � 1, . . . , n, yi � � x1 iβ0 � ui, but the researcher can only observe 
yi � yi �1tyi � ¥ 0u and xi, where 1tAu equals 1 when the event A holds and zero other-
wise. Assume that Erui|xis � 0, where dimpxiq � dimpβ0q � k, and maintain the i.i.d. 
assumption across i. 

(i) What is the conditional expectation of yi � given xi? What is the conditional expec-
tation of yi given xi? Given your answer, can β0 be consistently estimated using 
OLS regression of yi on xi? Explain formally, but without deriving the probability 
limit of the OLS estimator. 

i.i.d.
(ii) Now suppose that ui|xi � Np0, σ2q, propose a consistent estimator of β0. Provide 

sufficient conditions for its consistency. 

(iii) Derive the asymptotic distribution for the estimator you propose in (ii). Provide 
any conditions required for the result. Is the estimator efficient? If yes, state clearly 
the conditions under which it is efficient. If not, propose an efficient estimator. 
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(iv) Let β0 
j denote the jth element of β0. Propose the Wald statistic to test H0 : ° k βj � 1. Derive the asymptotic distribution of the statistic under the null j�1 0 

hypothesis. State any conditions required for the result. 

(b) In the following question, let i � 1, . . . , n, t � 1, . . . , T , all asymptotic arguments pertain 
to n Ñ 8 while holding T fixed. You can maintain the i.i.d. assumption across i, but 
make no assumptions along the time-series dimension. For a time-varying variable wit, 
wi � pwi1, . . . , wiT q. 
Note: For each of the following questions, make sure to solve for the closed-form solution 
of each estimator if it exists. 

(i) Let yit � ρ0yi,t�1 � β0xit � αi � �it, where yi,t�1 is sequentially exogenous and xit is 
strictly exogenous, dimpβ0q � dimpxitq � 1. Define the exogeneity condition for this 
problem clearly. Propose two estimators of pρ0, β0q1 , one based on a just-identifying 
set of moment condtions and the other on an over-identifying set. 

(ii) Provide sufficient conditions for the consistency of the estimator using the over-
identifying moment conditions in (i). 

(iii) Now suppose that yi,t�1 and xit are both sequentially exogenous. Propose a just-
identified and an over-identified estimator of pρ0, β0q1 . Give sufficient conditions for 
the consistency of the over-identified estimator. 

(iv) Suppose that in (iii), instead of sequential exogeneity, the lagged dependent variable 
only satisfied contemporaneous exogeneity, i.e. Er�it|yi,t�1, ais � 0. Would the just-
identified estimator you proposed in (iii) be consistent? If not, derive its probability 
limit. Give any additional conditions required for the result. 
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