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Abstract

In this paper we develop a block bootstrap approach to out-of-sample inference when real-time
data are used to produce forecasts. In particular, we establish its first-order asymptotic validity for
West-type (1996) tests of predictive ability in the presence of regular data revisions. This allows the
user to conduct asymptotically valid inference without having to estimate the asymptotic variances
derived in Clark and McCracken’s (2009) extension of West (1996) when data are subject to revision.
Monte Carlo experiments indicate that the bootstrap can provide satisfactory finite sample size and
power even in modest sample sizes. We conclude with an application to inflation forecasting that
adapts the results in Ang et al. (2007) to the presence of real-time data.
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1 Introduction

Real-time vintage data are often used to construct forecasts. At central banks, such as the Federal
Reserve and the European Central Bank, this is due to the real-time nature of their forecasting prob-
lem. For example, at each FOMC briefing and General Council meeting, it is expected that the staff
will have taken on board the latest data when constructing their forecasts. This is important not
only because new data are continuously being released but also because previously released macroe-
conomic data are revised and the revised data are generally considered more accurate. Documenting
the importance of real-time data to central bank forecasting was one of the main motivations for the
development of the Real-Time Dataset for Macroeconomists (RTDSM) at the Federal Reserve Bank
of Philadelphia (Croushore and Stark, 2001). In particular, while Stark and Croushore (2002) and
Croushore (2006) emphasize that data revisions obviously change the conditioning information avail-
able to the forecasting agent, the revisions can affect parameter estimates and even the functional
form of the predictive model.

With this in mind, there is an increasing emphasis on evaluating central bank-, survey-, and
model-based forecasts using real-time vintage data. For example, Faust and Wright (2009) evaluate
the efficiency of Greenbook forecasts using a sequence of historical datasets archived at the Board
of Governors. Faust, Rogers, and Wright (2005) investigate prospects for real-time exchange rate
forecasting using vintages of data available at the OECD’s database of Main Economic Indicators.
Chauvet and Piger (2008) illustrate the real-time accuracy of recession forecasts using the ALFRED
database hosted by the Federal Reserve Bank of St. Louis. Croushore (2011) provides a review of other
issues related to real-time forecasting and monetary policy evaluation in the context of the RTDSM.
While much of this empirical literature focuses on the US or the Euro area, Garratt et al. (2011)
investigate real-time forecasting issues associated with data for Australia, New Zealand, and Norway.

Unfortunately, while the empirical forecasting literature has adapted to the real-time nature of
macroeconomic data, the bulk of the theoretical literature on forecast evaluation largely ignores it.
Examples like West (1996), Clark and McCracken (2001), Corradi, Swanson, and Olivetti (2001),
Giacomini and Rossi (2010), and Odendahl, Rossi and Sekhposyan (2022) each ignore the possibility
that at any given forecast origin the most recent data may be subject to revision. This is an issue
because out-of-sample tests of predictive ability are operationally distinct from in-sample tests, in
ways that make out-of-sample tests particularly susceptible to changes in the correlation structure of
the data as the revision process unfolds. This susceptibility has three sources: (i) while parameter
estimates are typically functions of only a small number of observations that remain subject to revision,

out-of-sample statistics are functions of a sequence of parameter estimates (one for each forecast origin



t=R,...,T), (i) the predictors used to generate the forecast and (iii) the realization of the dependent
variable used to construct the forecast error may be subject to revision, and hence a sequence of
revisions contribute to the test statistic. If data subject to revision possess a different mean and
covariance structure than final revised data (e.g., Aruoba (2008)), tests of predictive ability using
real-time data may have a different asymptotic distribution than tests constructed using data that are
never revised.

In the context of OLS-estimated linear models, Clark and McCracken (2009) show that real-time
data can affect tests of predictive ability. In particular, they rederive the results in West (1996) but
allow for forecasts that are constructed sequentially across vintages of real-time data. They find that
data revisions can lead to substantial changes in asymptotic variances for asymptotically normal tests.
In addition, they find that in the context of nested model comparisons, tests can be asymptotically
normal even when they were not in the absence of revisions. Subsequently, the analytical results
indicate that ignoring the real-time nature of the data can lead to large size distortions and substantial
reductions in power. These distortions can arise when revisions are best categorized as news, in the
sense of Mankiw, Runkle, and Shapiro (1984), but are most likely to occur when the revisions contain
at least some element of noise which, in turn, causes forecast errors to be correlated with predictors.

The main contribution of this paper is to provide a bootstrap approach to conducting inference
in the same framework as Clark and McCracken (2009). When appropriately implemented, the boot-
strap allows for valid out-of-sample inference without having to estimate the somewhat complicated
asymptotic variances derived by Clark and McCracken (2009). More specifically, we provide analyt-
ical, Monte Carlo and empirical evidence on the effectiveness of a new block bootstrap approach to
out-of-sample inference when forecasts are constructed using real-time vintage data. In many ways
our bootstrap is unique. There exists no other bootstrap specifically designed for vintage data. Our
block bootstrap treats those observations near the end of a given vintage of data as fundamentally
distinct from older, fully revised observations. By doing so, we are able to mimic the triangular array
structure of real-time data in each bootstrap sample.

While our bootstrap is new, it clearly builds on previous work, including Calhoun (2015) who
develops a bootstrap that can be used for conducting inference on asymptotically normal out-of-
sample tests of predictive ability. The procedure allows for estimation error to contribute to the
asymptotic distribution as derived in West (1996) but only in the same environment as West - one
that does not allow for real-time vintages of data. It is also related to that of Corradi and Swanson
(2007) who propose a block bootstrap procedure for predictive inference based on recursive estimation

schemes. Like they do, we must account for the fact that as we move across forecast origins the sample



size increases and hence some observations are used more frequently than others, and this affects the
design of the bootstrap statistic (in particular, it requires a careful choice of the centering constant).

Monte Carlo simulations indicate that our bootstrap can provide accurately sized tests of predic-
tive ability in the presence of revisions. Even so, the bootstrap algorithm has limitations and the
assumptions underlying its validity are obvious approximations to reality. Specifically, we assume that
revisions are finite lived and regular across all vintages. A few series, like non-seasonally adjusted
initial and continuing claims, as well as housing starts, experience revisions that align with our as-
sumptions. However, for many other macroeconomic variables like employment, consumption, and
industrial production, our assumptions only partially hold in the sense that for most vintages, only a
small handful of the most recent observations are revised. That said, these series also have a once-
a-year annual benchmark revision in which many more historical observations are revised.! As such,
the revision process is not regular across all vintages. Regardless, by abstracting from benchmark
revisions we are able to take one step toward developing a bootstrap approach to inference when data
revisions are present. Later we use simulations to assess the impact of this simplifying assumption on
our bootstrap algorithm and its ability to provide accurately sized and powerful tests.

We then apply our bootstrap in the context of comparing the forecast accuracy of models used to
forecast CPI- and PCE-based inflation. Specifically, we revisit a small subset of the results in Ang
et al. (2007) in which they conclude that survey-based forecasts are more accurate than a variety of
model-based forecasts. Our goal is to see if their conclusions are robust to the presence of real-time
data, which they do not consider. Our results largely align with their conclusion, with the exception
that the models seem to out-perform the surveys when forecasting PCE-based inflation at longer
horizons. Even so it’s worth noting that due to data availability, our sample is distinct from theirs.

Before proceeding we need to clarify that our bootstrap is designed for inference when forecasts are
constructed using a common, but very specific application of vintage data. We assume that at a given
forecast origin, the current vintage of the observables is exclusively used to form the forecast. This
implies that the parameter estimates are estimated using some data that have just been released, some
that have been revised once (or more), and some that have been fully revised. Alternative approaches
exist. Koenig, Dolmas, and Piger (2003) and Clements and Galvao (2013) estimate models using
historical observations with a common level of revision. For example, one might estimate model
parameters using only initial releases of a series. This entails using one observation each from the

current and previous vintages — in contrast to our approach which uses many values from a single

!Consider US payroll employment. In every month other than June, there is a new initial release for the current
month and the values from the previous two months are revised. In June, that same pattern is augmented by revisions
to the previous five years worth of data. Hence, for 11 months of the year our assumptions are satisfied but in general
they are not due to the annual benchmark revision.



vintage. For a discussion on the costs and benefits of these two approaches, see Clements and Galvao
(2019).

The remainder of the paper proceeds as follows. Section 2 introduces the notation and describes
the forecasting environment. Section 3 presents the assumptions. Section 4 delineates the asymptotic
distribution of the proposed test statistic. Section 5 describes the bootstrap algorithms and charac-
terizes the asymptotic properties of our bootstrap approach to inference. Section 6 presents Monte
Carlo evidence on the finite sample size and power of the test using both asymptotic critical values
as well as bootstrap critical values. Section 7 illustrates our bootstrap approach to inference in the
context of real-time inflation forecasting. Section 8 concludes. An Appendix contains proofs of the

theoretical results.

2 Framework

We follow the revision structure described in Clark and McCracken (2009). At each forecast origin
t = R,..., T, forecasts of a scalar target variable y are made using a finite dimensioned vector of
predictors = based on the current vintage of data {ys (t),zs(f) : s =1,...,t}. We assume that after
a finite number of r releases the revisions are final. For example, we let y,; denote the 4t release of
Ys, and hence y1, ..., ysr—1 are all preliminary values of ys while y,), corresponds to the final value

of ys, which we write as y,), = ys. For each t,

(t) = ys forl1<s<t—r-+1
YW= ey fors=t—j+1, j=r—1,..,1

To illustrate the notation, consider the case of a single revision with » = 2. Table 1 provides a
description of this data structure. It shows that the data has a triangular structure, where the last
observation in each column (vintage) is updated in the following vintage. Note that, as a practical
matter, there are two reasons that the first R — 1 observations are assumed to be fully revised. First
we assume that r is finite, and second, our asymptotics involve taking limits with respect to both the
initial R observations and P forecast origins. Any revisions that occur in the first » — 1 vintages that
affect the first R — 1 observations will be asymptotically irrelevant and hence for clarity we abstract
from their presence.

The 7-step ahead forecast is formed using linear OLS estimated models 2} (¢)3(t) where

t -1y
B (t) = < Z R (. (t)> Z zs—r (1) ys (),
s=1+7 s=1+71

and the bracket notation in B (t) is used to emphasize dependence on vintage ¢ data. The forecasts are

evaluated against y, ,|,/, the r’'th release of the target variable y; 1, where ' € {1,...,r}. For instance,
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Table 1: Structure of real-time data with » = 2

Vintage date (t)

Obs. s R R+1 ... T+1
1 Y1 (1 Y1

2 Y2 Y2 Y2
R—-2 ygro

R—-1 yr1 yr YR-1
R YrR1 YR YR
R+1 YR+1)1 .

T yr
T+1 Yr+1)1

if 7 =1 and v’ = 1, the forecast is evaluated against the first release of .1, Yerrn = Y1 (E+1).
But if 7" = 2, the forecast is evaluated against y; 12 = Y41 (t +2), the second release of y;41 where
yt+1<t + 2) = Yt+1 if r =2.

Given a sequence of real-time forecasts, one is interested in testing the scalar null hypothesis

Hy: Ef (yt+7'|r’a Tt (t) 760) =0,

for a known function f(.), which we will often simplify as f; v = f (yt+7‘r/,xt (t) ,ﬁo), and for a
given realization horizon 7’ for the target variable. Looking ahead toward our bootstrap, this implies
that f;, |~ depends on data from two different vintages: the vintage containing y, ,,» and the vintage
containing x (t).

As a simple example, for a test of zero-mean prediction error Eu;y,,» = 0, we have fi  ,» =
Ut prlr! = Yoqr|r! — x} (t) By A more complex example is a test of equal predictive ability between two
models. For example, let fcg’t(t)ﬁi(t), 1 = 1,2, denote forecasts that we evaluate under quadratic loss.

In this case, the null is £ = 0 and the subsequent function is

2 9
(ul,t+7|r’ u2,t+7\r’)

2 2
ft+7—|r’ = (yt+ﬂw - $/1,t (t) 51,0) - (yt+7—\r’ - fﬂlz,t (t) 52,0) )

where we have now defined 8y = (81 9, 82,0)" and z4(t) = (2 4(t), 75 ,(t))" to account for the contribu-

tions to f 4, from both models.
To test the null hypothesis we form a test statistic based on the finite sample analogue of f; |/,

where f3, is replaced by J (£):

T
S’P = P_1/2 Z f(yt—&—ﬂr’a :L't(t)7 B(ﬂ)a
t=R



where P =T — R+ 1. This notation implies that we have a total of P + 7 + 1’ — 1 vintages. The first
P vintages are used to produce 7-step-ahead forecasts while P — 7 — 7’ of these vintages are also used
to evaluate the forecasts. The final 7 + r’ — 1 vintages are used only for forecast evaluation.

In the context of tests of equal predictive ability between two OLS estimated linear models, Clark
and McCracken (2009) show that Sp can be asymptotically normal with an asymptotic variance remi-
niscent of that developed in West (1996). Their method of proof, which we will follow, takes advantage
of the assumption that the revision process is finite lived. This is a useful approximation because it
implies that under additional mixing and moment conditions, B (t) is asymptotically equivalent to the

estimator that uses fully revised data only,

3 _ t
BtE( Z ‘,L'S—T‘T/sf7'> 1 Z Ts—7Ys-

s=1+4T1 s=1+T1

Absent this assumption, we would have to consider the possibility that the probability limit of B (1),
By = (E(xs—r2’_.)) 'E(xs_rys), would vary across forecast origins ¢ due to the revision process
itself rather than some underlying changes in the data-generating process for the fully revised data.
With this in mind, in the following two sections we first extend the results in Clark and McCracken
(2009),which only considered tests of equal predictive ability between two models under quadratic
loss, to a wider range of functions f;|;,». We then delineate our bootstrap algorithm and show how
it allows us to replicate the null asymptotic distribution of Sp and thus be able to conduct inference

using a percentile bootstrap and avoid the need to estimate the somewhat complicated asymptotic

variances.

3 Assumptions

In this section, we introduce the assumptions that allow us to obtain the asymptotic distribution of
Sp. Throughout we let farir g = a%’f (yHTW, xy (t) ,ﬂo) and define F' = Ef; | ;v 5. Our assumptions
are comparable to those in Clark and McCracken (2009), which adapt the results in West (1996) to

environments where revisions are present.

Assumption 1 In an open neighborhood N around 3, and with probability 1, (a) fir) (B) is mea-

surable and twice continuously differentiable. (b) There exists a constant D < oo such that for all t,

82ft+7—|r/ (8)

9505 < Mgy with a measurable function myy, such that E (myyr) < D.

supBeN

Assumption 1 ensures that the function f; ;,» is well approximated by a quadratic function in
the neighborhood of ;. Without data revisions, it corresponds to Assumption 1 in West (1996). As

West (1996) remarks, this assumption is automatically satisfied if the function is a squared forecast



error and the model is linear, provided second moments of the target variable y;,,,» and predictors
x¢ (t) exist. Regardless, the assumptions are general enough to permit a wider range of functions —
and loss functions in the context of tests of equal predictive ability — so long as they are sufficiently

well behaved in a neighborhood of 3.

Assumption 2 For each modeli =1,...,k, where k is finite, the following holds. (a) The final-data
estimate Bi’t satisfies 'Bi,t — Bio = Bi(t)H;(t), where

t -1 t

Bi(t) = <t1 > xLS_T:c;’ST) 2 By, and Hy(t) =t' > hi with E(h; ) =0,
s=1+1 s=1+1

where B; = (E(a:m:r;,s))_l and his = Tis—7(ys — ¥}, . Bio). (b) The real-time data estimate B,(t)

satisfies B3;(t) — Bio= B;(t)H; (t), where

t -1 t
Bi(t) = (t—l > xi,S_T(t)xi,s_T(t)’) and Hy(t) =t™" > his(t),

s=1+47 s=1+471

with his(t) = @i s () (Ys(t) — 25— (1) B;0)-

The first part of Assumption 2 is a special case of Assumption 2 in West (1996), wherein multiple
estimated models are allowed, but with the restriction that those parameters are estimated by OLS
using fully revised data. The second part of Assumption 2 defines the real-time estimator B (t) as an
OLS estimator based on vintage ¢ data. Clark and McCracken (2009) rely on a similar assumption
(see in particular their Assumption Al). Note that we focus exclusively on the recursive scheme when
estimating model parameters. As we discuss later in the context of the bootstrap algorithm, the choice
of centering constant depends explicitly on this restriction.

While our results allow for multiple models, as would be the case in a test of equal forecast accuracy,
it is convenient to consolidate notation to a single parameter vector 5, = (/8/1,07 R ﬂ;c,o), and let
zy = (¥4, 2},). Having done so we define j, so that 3,— 8, = B(t)H (t) where B(t) = diag(B;(t)),
B = diag(B;), H(t) = (H{(t),..., H. (1)), and hs = (k] ..., h} )'. The corresponding notation for
B(t) is analogous so that 3(t) — By = B(t)H(t).

Our next assumption is a moment and dependence assumption on the vector

Gttr|r! = ( (ft+7'|7“/ - Eft+7'|r’) (ft+7'|r’,,3 - F) h:ﬁ—&-f x;ﬁ - ECL’Q )/‘

Assumption 3 (a) For some d > 1 and 6 > 0, suptEHgtJrT‘T/ Ad+o

< oo where ||.|| denotes the
Euclidean norm. (b) gy, is covariance stationary. (c) {giir|,} is strong miring with mizing co-
efficients of size %. (d) Q is positive, where Q = limp r_yoo Var(P~1/2 Z?:R (fisrirr = B frarpr) +
FBEP2 YL L H(1)).



Assumption 3 modifies Assumption 3 in West (1996) to the context of real-time data. In addition,
we strengthen the moment bound by an additional § > 0, which we use when proving our bootstrap
results. This type of strengthening is common in the bootstrap literature, see e.g., Fitzenberger (The-
orem 3.1, 1998). Similarly to Clark and McCracken (2009) (see their Assumption A2), we impose a
mixing-type condition on the vector g, ,,» which depends on the vintage horizon r’ through the func-
tion fi,,,» and its derivatives. We also require that (2 is positive as in Assumption A2 (f) of Clark and
McCracken (2009). For many applications, like pairwise tests of equal accuracy between non-nested
models, this restriction seems unnecessary. However, in the context of nested model comparisons, it is
straightforward to show that whether € is positive depends on the properties of the revision process

— a point we return to later.
Assumption 4 For somed>1,r<oocandj=1,...,r, (yt‘j,x;‘j)’ is uniformly L*¢-bounded.

Assumption 4 is the same as Assumption A2(d) of Clark and McCracken (2009). It puts restrictions
on the revision process. More specifically, it restricts the total number of releases to be a finite
number 7. It also requires the released data to have finite moments of order slightly larger than 4.2
This implicitly restricts the stochastic order of magnitude of the revisions. As noted in the previous

section, we rely on this assumption since it implies that Bt and B (t) are asymptotically equivalent.
Assumption 5 R, P — oo and limp g, % =, where 0 < 1 < 00.

Assumption 5 is the same as Assumptions A4 and A4’ of Clark and McCracken (2009).

4 Asymptotic results

In this section we establish the asymptotic distribution of Sp. To do so, we first show that Sp is

asymptotically equivalent to
T
Sp=pP'/? Z f (yt+7'|r’a (1), Bt) )
=R
a test statistic based on Bt rather than 3 (t). Specifically, we prove the following result.

Lemma 4.1 Under Assumptions 1-5, Sp = Sp + 0, (1).

By eq. (4.1) of West (1996), adapted to the presence of vintage data, we can expand Sp —
Pl/2E(ft+T|r’) as

T T
Sp=PE(fisrp) = P72 (fraqir—E(friry))FFBPTY2Y " H(t)+0, (1) = S1p+FBSyptop (1).
t=R t=R

2Here and in what follows, we say that X; is LP-bounded if (E|X;|?)"/? < cc.



The first term Sy p is equal to the scaled average of the demeaned real-time function f; | ;|,» evaluated
at [,. This piece is asymptotically normally distributed by a central limit theorem (CLT) for strong
mixing data, given our assumptions. The second term depends on Sop, the scaled average of H (t),
the average of the scores hs used in estimating 3, based on the fully revised data. This piece captures
the contribution of the parameter estimation uncertainty and can also be shown to be asymptotically
normal, jointly with Sip.

More specifically, following West (1996), S1p and Syp are jointly asymptotically normal, implying

that
Sp = PY2B(fyprpr) =5 N (0,9),
where
Q= + FBOB'F + QuB'F + FBQ,,, (1)
with

O = R}i}goo Var (Sip), Q2 = R,ggloo Var (Sep), and 4o = R,Egloo Cov(S1p, Sap).

The form of € is notationally the same as the one obtained in West (1996) without data revisions.
One main difference is that €21 is now the long-run variance of the scaled average of the real-time
function f; ;,» rather than the long-run variance of fi1r = f (Yt+r, 21, By), the function associated
with fully revised data. Under Assumption 4, the parameter estimation uncertainty as measured by
()5 is the same as when all data used in estimation are final. However, its contribution to the overall
covariance matrix € is different with data revisions. This is because F' = E ( Jogrpr, 5) is not necessarily
equal to E (fiir8) = E (Of (Yesr, 1, By) /OB').

The form of 2 shows that the covariance between S1p and Sop need not be asymptotically zero.
While perhaps not immediately obvious, this has ramifications for how we design the bootstrap. In
particular we take advantage of the fact that Sop can be decomposed into the sum of two asymptotically
uncorrelated terms, one of which is not correlated with Sy p. Borrowing from page 1081 of West (1996),

we write Sop as

T R P-1
Sop= P73 "H(t) = P7Y? Y apohs + P72 apihny = Sopa + Sapa,
t=R s=1471 i=1
where the weights ar; are defined as ar; = Rii +...+ ﬁ for0<i<P-—1.

Lemma 4.2 Under Assumptions 1-5,



(a) Qo =limp pyoo Var (Sap) = Qo1 + Qo2, where

Doy = R,ggloo Var (Sap1) = o hm Var(P —1/2 Z arohs)
P—1
QQ.2 = R}yi)loo Var (SQP.2) = R hriloo Va/r —1/2 z; aRr th—‘rz)

(b) Q2 =limp pyoo Cov (S1p, Sap) is equal to

912— lim CO’U(SlP,SQPQ) lim CO’U( UQZfH_T‘T,P /QZaRshR—f—s)'

R,P—o00 R,P—o0
t=R

Lemma 4.2 (a) shows that Syp; is asymptotically uncorrelated with Sops. Thus, the asymptotic
variance of Sop is the sum of the asymptotic variances of Syp; and Sopo. Lemma 4.2 (b) shows that
the asymptotic covariance between Sip and Sopq is zero. This implies that the covariance between
Sip and Sop depends only on the covariance between Sip and Sypo. As noted above, this proves

useful when developing our bootstrap method in the next section.

5 Bootstrap results

Here we present a novel bootstrap algorithm and prove its first-order asymptotic validity when used
for out-of-sample inference with real-time data. To develop intuition, we first describe our bootstrap
algorithm for out-of-sample evaluation of one-step-ahead forecasts based on a simple location model
where the data are subject to one single revision. We then extend these results to forecast evaluation
based on general linear models with forecast horizons possibly larger than one and multiple (but finite)

revisions.

5.1 A simple location model

Consider first the following location model:
yt:ﬁo+uta t=12,...,

where 3, is the fully revised observation. With r = 2 releases and one revision, we have

ys 1<s<t—1
t) =
yS() {yt|1 S:ta

where g, denotes the preliminary (or first release) of the value of y; according to vintage ¢. This data

structure is the one described in Table 1.
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At each forecast origin t = R, R+1,...,T, we forecast y;11 (t + 1) = y,1.1)1, next period’s value of
the first release of y,41. Hence, 7 = r/ = 1. The point forecast is 3 (¢) = t ! S s (t) and the null

hypothesis is
Hy : E(fi1ap) =0,

where fi 1 = f (yt 1)1 ,6’0). In this example, f;1; depends only on the first-released observations

Yer1y1- The test statistics Sp and Sp are
T X ) T A
Sp=p1/2 Zf (yt+1|1,5 (t)) ,and Sp = P~1/2 Zf (yt+1|175t) )
t=R t=R

where 3, = ¢! S| ys is the estimate of 3, based on the fully revised data.

When specialized to this example, the asymptotic expansion of Sp is
SP_PI/QE(ft+1\1) = Si1p+ FSap +o0,(1), (2)

where ' = F (ft+1|1,5) = E(%f (yt+1|17/60))a

T
Sip = P_1/2 Z(ft+1|1 - Eft—&-l\l)a and
t=R
- R P-1
Sop = PN H ()= P2 apohs+ P72 apihni = Sapa + Sapa,
t=R s=1 =1

where h, = ys— 3 and the weights apr; are as defined previously. In this simple example, S;p depends
on {yt+1\1 t=R,... ,T} whereas Sop depends on {hs =ys — By :s=1,...,T}.

Let 5’}3 denote a bootstrap version of the original test statistic (we provide more details below).
The decision rule is to reject Hy at level « if [Sp| > ¢i_,, where ¢}, is the 100(1 — a)*" percentile
of the bootstrap distribution of \S’}S\ To be valid, 5‘}3 needs to replicate the asymptotic expansion
of Sp. In particular, the bootstrap statistic needs to replicate the (zero) asymptotic mean and the
asymptotic variance Q of Sp.

Next, we propose a bootstrap algorithm that accomplishes this goal. Our algorithm relies on
an application of the moving blocks bootstrap (MBB) of Kiinsch (1989) and Liu and Singh (1992),
adapted to the out-of-sample forecasting context under data revisions. We write v, ~ MBB from
{1,..., R} to denote a random index that is generated from the set {1,..., R} using the MBB. Simi-
larly, we write n, ~ MBB from {R+1,...,T + 1} to indicate that 7, is obtained by the MBB on the
set {R+1,..., T+ 1}. We describe below precisely how to generate these indices using the MBB.
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Bootstrap algorithm for a location model

1. For s = 1,...,R, let v, ~ MBB from {1,...,R}. For s = R+ 1,...,7,T + 1 generate n, ~
MBB from {R+1,...,T + 1}, independently of {~,}.

2. Foreacht=R, R+ 1,...,T, compute

t
) _
Bt:t ! E y::
s=1

where
« _Jyy, ifs=1,... R,
Y57y, it s=R+1,....T+1.

3. Foreacht=R,R+1,...,T, let

y;gk_g_l‘l = y;,k+1 (t =+ 1) = ym+1|1‘

and set
Froan (B7) = 1 (v B7) = £ (e B7) -
4. Compute
5= P13 (o (31) — e (B).
where -

B =E (B:> = %BR + ?BF;

with B = RIS g and Bp = P10 p e

Step 1 is used to obtain the bootstrap analogs of the vintages. More specifically, we generate
two sets of random indices: {7,:s=1,...,R} is used to build the first R bootstrap observations
{yi=y, :s=1,...,R}and{n,:s=R+1,...,T + 1} is used to build the remaining 7 — R+1 = P
observations. Since the data are assumed weakly dependent, we rely on the MBB to generate {7} and
{ns}. (These two sets are generated independently. We will explain below why this is not a problem
for the validity of the bootstrap statistic.) More specifically, for a block size equal to [, and assuming

that® R = kil, we generate

L,... I, ~iid. Uniformon {1,...,R—1+1}.

1

3When R is not divisible by I, we let k1 = [R/I], the smallest integer that is greater or equal to R/l. We then obtain
R* = ki1l bootstrap observations. When R* > R, we discard the observations in the last block so as to make the number
of bootstrap observations equal to R.
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These k1 random variables indicate the beginning of each block. Then, for each i« = 1,...,k; and
j=1,...,1, we set
Vit(i-1)i+G-1) = Li + (G — 1),

from which we obtain

{rsrs=1. R} ={vipe-urg-n 1 i=1.. ki j=1,..., 1}

Similarly, we generate 7, from the set {R+1,...,7 + 1} using a MBB based on the same* block
size [. These random indices are used to obtain the remaining P observations. In particular, letting

P =T — R+ 1 = kol, we generate ks uniform draws:
Ji,.ooyJg, ~1id Uniformon {R+1,...,T+1—1+1}.
Foreachi=1,..., ko and j =1,...,[, we set

NRA1+(—Di+G—1) = Ji + (7 — 1),

from which we get {n,:s=R+1,...., T+ 1} = {Npy1s-1sgG-1) i =1,.. . kas g=1,..., 1}
Table 2 provides a description of the bootstrap data structure. This table is the bootstrap analog
of Table 1. In this table, for each vintage column ¢ in R+ 1,...,7T + 1, we set

Yy, 1<s<R
ye () =4 wyy, R+1<s<t
Yngn s =1

We see that except for the first column (vintage R), which sets all the observations in the bootstrap

vintage R as final, all the remaining (vintages) columns replicate the triangular structure of the data.’

Note that the bootstrap observations indexed by n, for s = R+ 1,...,7 + 1 are used both in
estimating S, (for vintages R+1 and beyond) as well as in evaluating the forecast. For this reason, these
observations can be preliminary or final. This is the main reason we introduce a new random index
1, (generated independently of 7,), which is randomly drawn from {R+1,...,7 + 1}. Restricting
the support of n, to {R+1,...,T + 1} ensures that both ys and Y1 are available, implying that we
can obtain their bootstrap analogs. If instead we had generated a single index 7, from the entire set
{1,...,R,R+1,...,T 4 1} (as in the bootstrap schemes of Corradi and Swanson (2007) and Calhoun

(2015)), we would not be able to guarantee that a preliminary value is available for all observations.

4 Assuming the same block size is for simplicity only. We could allow for different block sizes.

5The fact that we do not exactly replicate vintage R’s structure is not a problem because this vintage is only used for
estimation of 3, at t = R. Hence, this is equivalent to estimating 3, in this vintage using only final values, i.e. we obtain
B; = R! Eil y* rather than 3" (R) = R} Zle ys (R). Since these two estimates are asymptotically equivalent
under the assumption of finite revisions, our approach remains valid.
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Table 2: Structure of pseudo real-time data with r = 2

Vintage date (t)

Obs. s R R+1 e T+

1 Yl =Yy, Yi = Yy, Yi = Y

2 Y2 = Y, Y2 = Y, Y2 = Yr,

R—=1 Yr 1= Ynry Yr 1= Y. Yr-1 = Yrpos
R Yr = Yrr YR = Yrx YR = Yrr

R+1 y}k%+1|1 = Ynpiall y}k?+1 = Ynpia

T y;‘ = Ynr

T+1 y;“+1|1 = Ynriapn

For instance, if 7, = 1, we do not observe y;; and therefore cannot obtain yp, 1)1 The

= Yngyal1-
fact that we need to replicate the original vintage data structure is the crucial distinguishing feature
of our paper and the main motivation for proposing a new bootstrap algorithm.

Step 2 obtains a bootstrap analogue of Bt using only final observations. Focusing on 5’;‘3 (which
uses 3: ) rather than on the real-time bootstrap statistic 5’}"3 (which uses the real-time bootstrap
estimate B* (t)) simplifies the application and the theory of the bootstrap. This approach is justified
by Lemma 4.1, which shows the asymptotic equivalence of Sp and Sp.6

Step 3 creates the bootstrap observations used for forecast evaluation. Specifically, fort = R, ..., T,

we let y;;rm =y (t+1)= Yneoil denote the bootstrap analog of y;,1); and set
A~k ~ % ~
foan (B0) = £ (vno B) = £ (s 37)

This function is the bootstrap analog of f;1 11 (Bt> =f (3/t+1|17 Bt)
Step 4 computes 5‘}3, the bootstrap analog of Sp. This bootstrap test statistic centers f:+1|1 <ﬁ:>

around fyqq)1 (Bt), where”

o (» R. t—R.
BtEE <6t>:?ﬁR+TﬁPa fOTtZR,R+1,...,T,

with BR =R! Zﬁzl y and BP =p! ZtT:R yt+1. Note that both BR and BP converge in probability
to B, since R, P — oo jointly. This implies that 3, —, B, for t = R,...,T.

t *

SFor vintages t = R+1,...,T+1, an alternative estimator is [3* (t)=t"" > ._1¥s (t), the real-time bootstrap analog
of B (t). Since the proofs of bootstrap validity are more involved for this estimator, we do not consider this alternative
here.

"Here and in the following, an asterisk appearing in F (and Var) denotes expectation (and variance) with respect to
the bootstrap probability measure P*, conditional on the original sample.
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A naive application of the MBB to the out-of-sample test statistic Sp would suggest we compute

St = P73 (s (3) ~ e (1))
t=R

However, this naive bootstrap statistic is not asymptotically valid. This was first remarked by Cor-
radi and Swanson (2003, 2007) in a context without data revisions. The main reason is that recur-
sive estimation of (3, implies that earlier observations in the sample are used more frequently than
subsequent observations. This implies that P~1/2 ZtT:R(B: — j3,) does not mimic the distribution
of P~1/2 ZtT: R(Bt — B¢) when Bt is recursively estimated. Consequently, Bt no longer approximates
E* (BZ) Corradi and Swanson (2007) propose a bias correction method to recenter P~1/2 Z?:R(B:—Bt)
appropriately. Our approach is different: we replace Bt by B, when defining S}S, and we show that
p-1/2 ZtT:R(B: — $3,) mimics the limiting behavior of P~1/2 ZtT:R(Bt — By) successfully. It’s worth
re-iterating that this result requires that the centering constant is designed for use under the recursive
scheme. If instead, the parameters were estimated using a rolling window of R observations (e.g.,
B(t) = R! ZZ:t—R-H ys (t), a distinct centering constant would be needed — an issue we do not
pursue here.

Next, we explain heuristically why our bootstrap algorithm is asymptotically valid. Let ft*+1|1 =
Ir +1|1(BO) =f (ymﬂll’ 50) . By considering two second-order mean value expansions of ft+1|1(Bt) and

f;‘H'l(B:), both around 3, we obtain the following stochastic expansion8 of 5’}"3:
~ T ~ D
Sp = pY/2 Z (ft*-|—1|1(ﬁt) - ft—i—l\l(/Bt))
t=R
T T . _
=P Z <ft*+1|1 - ft+1|1> + PPl Z(ﬂt — B +o(1)
t=R t=R
= Sikp + FS;P + 0;)(1)7

where STp is the bootstrap analog of S1p, and S5 is the bootstrap analog of Sop; this is the bootstrap
analog of the asymptotic expansion of Sp. We can further decompose S5p as follows. Since B: =

713 yr and B, =t Y00 E*(yZ), we have that

T R P-1
Syp=P71/? Z(ﬁ: —B) =P 2> apohi + P72 " apiliy, = Sipy + Sipo,
=R s=1 i=1

where b} =y} — E* (yI).
We now show that 5’} is approximately centered at zero. First, since E*(h%) = 0 by construction,

E*(S;p) = 0. Thus, the bootstrap distribution of p1/2 ZtT:R(B: — Bt) is centered at zero. This

8See Appendix A for the definition of o,(1), as well as the definition of d—*>, which is used below.
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solves the bias problem discussed by Corradi and Swanson (2007) (who considered Bt rather than 3,
when forming their bootstrap statistic in a context without data revisions). Second, we can show
that E* (S7p) = Op (I/R) = 0, (1) if [/R = o(1). This follows from standard MBB results (see e.g.
Fitzenberger, 1998). Thus, E*(S’};) is asymptotically equal to zero.

We can also show that the bootstrap variance of 5’}3 mimics the asymptotic variance . To
see this, note that S7p 4 N (0,€1). This follows from Theorem 3.1 of Fitzenberger (1998) given
that ft*+1‘1 =f (y;‘H‘l,BO) =f (ymﬂ‘l,ﬁo) is obtained by applying the MBB to the first released
observations {yt+1|1 t=R,..., T}. Thus, our bootstrap mimics €.

Next, we explain why this bootstrap also mimics €25. First, note that since we resample the first R
observations independently of the last P observations, the covariance between S5, and S35, is zero
in the bootstrap world. Thus, the bootstrap mimics the zero asymptotic covariance between Sop
and Sapgo (which is established in Lemma 4.2(a)). Second, note that the fact that we use the MBB
to obtain «, and 7, implies that the bootstrap variances of 555, and 555, converge to the long-run
variances (291 and €29 9, respectively.

Finally, note that our bootstrap also captures the covariance between S1p and Sopo. The indepen-
dence between v, and 7, implies that the bootstrap analogs of S7p and S5, are independent, but this

is not a concern since the covariance between S1p and Ssp; is asymptotically zero by Lemma 4.2(b).
5.2 Extension to linear models

In the general framework, we forecast y,,,|,» using a linear model with predictors x; (t), where the
coeflicients 3, are estimated recursively by OLS. The location model is a special case of this setup
where z; (t) = 1 for all s,¢, with the difference that the target variable is y; ,|,» (rather than y, ;).
The forecast function is now fi v = f (yt+7‘rx,xt (t);Bo), where z; (t) contains the predictors for
Y- available in vintage ¢. When lagged dependent variables are present, x; (t) may contain a mix
of preliminary and final observations.

The main difference with respect to the simple location model is in the bootstrap estimation of
Bo. For each vintage t = R, ..., T we resample the “pairs” z; = (ys, 2,_,) used in estimating j3, at
each forecast origin. As in the location model, we estimate B: using only finally revised bootstrap
data. While we state the algorithm in the context of a single model, the extension to multiple models
is straightforward.

The bootstrap algorithm for forecasts based on general linear regression models is as follows.
Bootstrap algorithm for linear models

1. Let R — (1 +7)+ 1 = kil and generate Iy,..., Iy, ~ iid. Uniform on {1+ 7,...,R—1+ 1}.
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Then, for each i =1,... ky and j=1,...,0,set [; + (j — 1) = Vi 1rq(i—1)14(j—1) and let
sis=14+7 ., B} ={Viprp-tyrg-n i =1,k J=1,... 1}
Let T+7—(R+1)+1 = kol and generate Jy,. .., Ji, ~ i.id Uniform on {R+7,...,T+7—1+1}.
Foreachi=1,... kg and j=1,...,1,set J; + (§ — 1) = Npi14(1)14(j—1), and let
ss=R+1,....T+7} ={nprir-tyutrg-1 1= 1. ke J=1,... 1}
. Fort=R,....T, set

L) 1+47<s<R

o * */ o (y'YS?l"yS—T
Zs (ysyxs—T)_{ (yﬂwx%S—T) R—I—lSSSt,

and compute

1 < T

Ak

(12 aers) (52 m)
s=1+1 s=1+71

.Fort=R,....T, let

(y;—Tlr’v zf (t),) = (yﬂt+r|7’" x”wfﬂ'(m‘“’ B T),)’
and compute
ft*+7_|7./ </Bt> = f (yzk+7"r/7 Cl',';k (t)l7 Bt) .
. Compute
~ T K 3
5p= PN (£ (BD) = franor(B))
t=R

where 3, = %BR + %Bp, with

) | R -1 | &
/BR: (R Z wS—Tx;7> (R Z m5—7’3/5)

s=1+7 s=1+71
and
1 T4 -1 | T
Bp= <p ) $ST$;_T> <P ) xsTys)‘
s=R+T s=R+T

Remark 1 The presence of the predictors x; (t) when forecasting y;,,|,» creates some differences with

respect to the simple location model’s algorithm. The first difference is that we restrict the support of

the MBB indices 4 to {1+7,..., R} rather than {1, ..., R}. This is because the recursive estimates of

Bo depend on (ys,xs—r) for s =1+7,...,t. Thus, restricting v, this way ensures that we can evaluate

Ty . = Ty, . Setting x5 (t) = 1 for all s implies this restriction is not needed. Similarly, we also

restrict the support of n, to the set {R+,...,T+1}. This ensures that ny,—7 is in the set {R,..., T},

for which we have both final and preliminary values of the variables. This is particularly important in

step 3, where we need to obtain the predictors xy(t) = xy,, —r (s — 7).
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Lemma 5.1 Under Assumptions 1-5 and letting | — oo such that I/ min{v/'R,~/P} — 0,

T
Sp = pY/2 Z <ft*+T|r/(¢8t) - ft+r\r’ (Bt)) = Sip + FBS3p + O; (1),

where
T
—1/2 Z (ft:ﬂr/ — ft+r\r’> ;
t=R
and
R ~ P-1 -
Ssp=aroP™* Y (W —hr) + P~ api(hjy — hp) = Sipy + Sspa,
s=1+1 i=1
where hi = x{_.(y; — a1’ By), hrp = R™! ZSR:HT hs and hp = ZSTJFEJFT

Under our assumptions, S7p 4 N(0,9Q;) by Fitzenberger (1998) (cf. Theorem 3.1). As in
the simple location model, the term S5, has two components, S5p; and S5p,, both centered at
zero asymptotically. To see this, note that hg = E* (R_l Zf:HT hf;) + Op (I/R), whereas hp =

( ZP ! h*R+Z) + Op (I/P) . In addition, we can show that this term’s bootstrap variance con-
verges to {ly = ()2 1+22 2. Since the bootstrap covariance between 555, and ST is zero by construction
and we show that the covariance between S7p and S5p, is asymptotically equal to €212, the following

result follows.
Theorem 5.1 Suppose Assumptions 1-5 hold and | — oo such that 1/ min{\/ﬁ, \/]3} — 0. Then,

sup | P* (5’}33u) —Pr(gl‘ﬁgu)‘ —p 0
u€R

where S‘}‘, = Sp — PY2E (ft+T|'r’)'

The proof of Theorem 5.1 relies in part on Lemma A.4 in Appendix A (which shows the consistency
of the bootstrap variance estimator of 5}5) Theorem 5.1 implies that our bootstrap algorithm can
be used to approximate the asymptotic distribution of S%, a centered version of Sp. When the
null hypothesis Hy : F ( ft+T|7./) = 0 is true, 5’1’; coincides with the test statistic Sp, in which case
Theorem 5.1 implies the consistency of the bootstrap critical values obtained from S’}S When the null
hypothesis does not hold, Theorem 5.1 shows that the bootstrap distribution of 5}3 is consistent for
the distribution of Sl’_f,, implying that the bootstrap test based on S}S has power.

5.3 Bootstrap results for nested linear models

The bootstrap algorithm in the previous section can be applied when conducting a test of equal

predictability between nested models. Nevertheless, when the models are nested, the algorithm can
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be simplified considerably. In the following we present that simplification in the context of tests of
equal accuracy under quadratic loss. By doing so we are also able to discuss how the properties of the
data revisions affect whether {2 is positive.

In this application the loss differential defines the function f;,,,» and takes the form

ft+T|r’ = f (yt—|—7'|7”a Iy (t) aBO) = (yt+7'|7” - :L'll,t (t) ﬁl,O)2 - (yt+7'|7"’ - :E/2,t (t) 62,0)2a

where mo; (t) = (21, (1), 220, (t)')/ and [y = (ﬂ’170,5’270)/. Under the null of equal predictive ability,
model 2 includes dim(z22(t)) = kzo excess parameters, i.e., fy0 = (810,0) and z14(t)B1o =
22,4(t) B2 0-

As we have done before, we let 3, = (B/Lt, Bl2,t>, denote the estimators of 3, based on final data
and we let (3 (t) = (BII (t) ,B; (t))/ denote their real-time data analogs. Sp is the test statistic based

on B (t), and Sp denotes its analog based on Bt. Lemma 4.1 immediately implies that

T

Sp=P 72N (e = 010 (8) B10)" = Wrrpr — g (1) B20)?) + 0p(1) = Sp+ 0y (1) (3)
t=R+1

More importantly, since the models are nested we know that under the null, not only is E'f;  -|,» = 0,
but also fi v = 0 since x1(t)'81 o = w2,4(t)'B2. This makes bootstrapping the distributions of Sp
and Sp easier since Sp = FBP~1/2 ZtT:R H(t) + 0,(1) and the uncertainty in this term is determined
solely by fully revised data, and hence we no longer need to replicate the triangular structure of the
different vintages.

Before delineating this bootstrap, it is useful to note that the expansion for Sp simplifies even
further under the null hypothesis. Let F' = E[%fﬂﬂw (Bo)] = [F1, F2], with F; = E[a%,fﬂrﬂr/ (Bo)]
for i = 1,2 and recall that B = diag(B;). Since the models are nested we know that for a selection

matrix J' = (Ig, xky» Ok xkay ) Hi1(t) = J'Ha(t) and Fy = —F»J and hence
Sp = Fy(~JB1J + By)P~'/? ZHQ +op(1). (4)
In addition, noting that for t = R, ..., T,
BQ,t - 52,0 = By (t) Hy (t) >

we can further rewrite (4) as

T
Sp = Fy(—JBJ' Byt 4 I, ) P~1/? Z(th — Ba) top(1).
t=R

This expansion shows that we can replicate the distribution of Sp by replicating the distribution

of P~1/2 ZtT:R(th — Ba). Since this term only depends on OLS estimates from the larger model
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evaluated with final data, we can rely on Corradi and Swanson’s (2007) method to bootstrap its
distribution. This combined with a consistent estimator of the factor Fy(—JB1J By Lyr ky) Drovides
a valid bootstrap method for computing the quantiles of Sp under the null hypothesis.

The bootstrap algorithm is as follows.
Bootstrap algorithm for nested linear models

1. Let T— (1+7)+1 = kl and generate I, ..., I} ~ iid. Uniformon {1+7,..., T —1+1}. Then,

foreachi=1,...,kand j=1,...,[;set I; + (j = 1) = Y1474 (i—1)14(j—1) and let
rsrs=1+7 T ={Vigri-sg-1) i =1,.. ..k j=1,... 1}

2. Fors=147,...,T, set
Z;k = (y:V/L‘ECS—T)/ = (y'Ys’xéaﬁ/s_T) ’

and for t = R,...,T, compute

t T
~ % . _ _ N
52,15 = arg Héln t ! Z (y: - x;,s—T/52)2 - 6/2(T - T) ! Z Q(ys - x,2,s—‘r62,t)x275—7'
2 s=1+T s=1+T1

3. Compute
T
5‘}'3 = F2(_JBIJ/B2_1 + Ikz)Pil/Q Z(/B;t - 52,1:)7
t=R
where [ = 2P~ ! ZtT:R(yHT‘T/ — x5, (1) BQ,T)xéyt(t), and B; = (T-' 31, m,sy);’s)_l are consis-

tent estimates of F and B; for ¢ = 1,2, respectively.

Steps 1 and 2 amount to using the block bootstrap method of Corradi and Swanson (2007) to
replicate the distribution of P~1/2 Z?: R(B2,t — B2,)- Contrary to our previous bootstrap algorithms,
we need only one set of MBB indices in Step 1. The main reason for using two sets of MBB indices
in Step 1 of our previous methods was the need to replicate the triangular structure of the vintages
data. This is no longer required because the term that depends on the function f; .,/ is zero when the
models are nested. The other key difference is that we now incorporate a bias correction term in the
definition of B;t, i.e. we do not estimate 3, using the standard OLS estimator. This correction term
is one way of correcting for the bias introduced by the recursive estimation scheme in the bootstrap
world and was suggested by Corradi and Swanson (2007) in a context without data revisions.

The asymptotic validity of 5}3 follows from Theorem 1 of Corradi and Swanson (2007) and the
consistency of Iy, B; for i = 1,2, provided the condition Fy(—JB1J' + Bs) # 0 holds (ensuring that

Q is positive). This last condition is non-trivial and can depend on the statistical properties of the
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revision process. Following Mankiw, Runkle, and Shapiro (1984), we treat revisions as consisting of
news (v) and noise (w) components. A revision is said to be pure news if it is uncorrelated with any
data available at the time of the provisional estimate. If the revision is correlated with the provisional
estimate, then the revision contains a noise component.

Specifically, in the context of verifying whether Fy(—JB;J' + By) # 0, consider the following
example in which r = 2 and an AR(2) model nests an AR(1) model, so that z2; = (1, ys,y;—1)" and

z1 = (1,y:)". The fully revised data and initial releases then take the form

Yy = 00 + 01Yt—1 + vt + €4,
ye(t) = ye — vp + wy,

for error terms e, and revision components v; and wy, which are mutually independent i.i.d. zero-mean
2

2 02, and o2, respectively. If 7 = 1 and the initial release is used

Gaussian variates with variances o

for forecast evaluation, this implies that Fb takes the form

F, = 2E [(Z/t+1|1 - 33/2,t (t) 52)1'/2,7:@)}
= 2E[(ye41 — Vi1 + wir — S0 — 61 (ye — v + we))(1, 4 — ve + we, Y1)
= 2E[(et+1 4+ wip1 — 61(—ve +wi)) (L, yr — vt + we, yr—1)]
= (0,-26,02,0).
We immediately observe a simple instance for which Fb, and hence Fy(—JB1J' + Bs), will be zero. Fh

is zero if 91 is zero, or if there is no noise component to the revision (i.e., 02 = 0).

6 Monte Carlo simulations

In this section, we consider the finite sample size and power of bootstrap-based inference for tests
of equal predictive ability when data are subject to revisions. In each case we use OLS to estimate
two predictive models x’i?tﬁi 1 = 1,2 and evaluate accuracy under quadratic loss. The design of the

experiments is comparable to that in Clark and McCracken (2009).
6.1 Non-nested models

We begin with size and power experiments associated with tests of equal predictive ability between

two non-nested models. The final data are generated according to
yr = 042141+ (04 + A)zoy1 +eys + vy,

where e, ; and v,; are independently generated as ii.d. Gaussian variables with mean zero and

variance equal to 037 and o2, respectively. Similarly, we let each regressor’s final data be generated

Y vy’
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as Tjy = €y, t + Ui t, © = 1,2, where ey, ; and v,, ; are also mutually independent (jointly with e, ; and

2 and o2, respectively. For

vy¢) i.i.d. Gaussian random variables with mean zero and variances o, s
9’ 9’

instance, we can think of y; as the quarterly inflation and z1;—1 and z2;_1 as two different measures
of economic activity, as in the empirical application considered by Clark and McCracken (2009) and
the related application considered later in Section 7. When A = 0, these two measures have the same
predictive content for inflation, but not otherwise.

We consider the case of a single revision, where time t¢’s preliminary estimates of y; and x;; are
Y () = ye — vy +wyye, and x4 (t) = T — Vg, + W, , for i =1,2,

2 and o2

Wy .z respectively.
b b}

with wy ; and wy, , denoting i.i.d. Gaussian random variables with variances o
These random variables are also mutually independent (jointly with e, ¢, vy, €, , and vy, ,). Following
the real-time data literature, we interpret v,; and v,,; as the news components of the revisions to
yt (t) and z; (), respectively, whereas w, ; and wy, , represent the noise components.?

Our goal is to test the equal predictability of a forecast of 441 (t + 1) = y441)1 using two non-nested

models, each based on a real-time predictor z;+ (t) for i = 1,2. The null hypothesis is then

Ho: E(fipin) = B (Yepn — 71, (1) 51,0)2 — (Y1 — w24 () 52,0)2 =0.

This is true when A = 0 (used in the experiments describing the size properties of our test), but not
otherwise (we set A = 0.6 when evaluating power).

We follow Clark and McCracken (2009) and consider two different data-generating processes, DGP1
and DGP2. These include both noise and news components in the revisions and are described as
“DGP1, noise and news” and “DGP2, noise and news” in Table 3 below. We also consider two

2 2

variations of these DGPs, without a noise component, i.e. we set o2, , = o

wy = e = 0. In this case, we

write “DGP1, news only” and “DGP2, news only,” respectively.
The versions of DGP1 and DGP2 that contain both noise and news differ in the way they

parametrize the revisions process. More specifically,

e DGP1: 02, =01, 07,=09, 02,,=02, 02, =17, 07, =03, 07, , = 2.

e DGP2: 02, =038, 07, =02, 03, =02, 02, =17, 07, =03, 0}, , =0.5.

9To explain briefly this terminology, take as an example the equations that describe y; and y; (t). Given that vy
enters y; and y (¢) with a positive and negative sign, respectively, the preliminary value y: (t) does not depend on the
component vy ¢, implying that this term is uncorrelated with y: (¢). This is the sense in which vy ; describes “news”.
Instead, the presence of wy,; in the preliminary value y; (¢) and its absence from y; explain why we call this component
a “noise” component.
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As discussed by Clark and McCracken (2009), DGP2 is motivated by results in Aruoba (2008),
which provides empirically relevant values for the variance parameters based on real-time U.S. data on
the change in inflation and the output gap over the period 1965-2003. For instance, these parameter
values imply a correlation of about —0.2 between the revision in y (given by y; — y; (t)) and its initial
estimate y; (t), in line with the data. The variance of the revision in y; is given by U%y + afv,y =
0.2+ 0.2 = 0.4 and is about 25% of the total variance of y; . Similarly, the variance of the revisions
for each = variables (given by Ugw + afw = 0.8) is about 40% of the total variance of its final value.

The biggest difference between DGP1 and DGP2 is that the revision variance of y is much larger
in DGP1 and is now about 70% of the total variance in y. Similarly, the revision variance of each x
variable is 15% larger than the variance of the final series. These differences imply that the impact
of the revision process is larger for DGP1 than for DGP2 and can lead to substantial differences in
actual power, as we will see when discussing Table 3 below.

At each forecast origin, we use the generated real-time data to make a one-step-ahead forecast
for the target variable y, ;. Forecasts take the form x;t(t)Bl-(t) with subsequent forecast errors
Ui g1t = Yog1)1 — mi,t(t)’Bi(t) for i = 1,2. As noted above, accuracy is evaluated under quadratic loss.

Table 3 contains the results. We consider three different tests. One is the bootstrap test described
in Section 5.2, which is used to obtain bootstrap critical values for Sp. This test is a percentile-type
test that does not require studentizing the statistic Sp. It is labeled “Bootstrap” in Table 3. We also
include two alternative tests. These tests are based on studentized versions of Sp and rely on critical
values taken from the standard normal distribution (hence, they do not involve the bootstrap and
are included as benchmark methods). One is the Diebold and Mariano (1995) test, labeled (1 p)
in Table 3. It takes the form t(Ql p) = Ql_;/ 28 p, where Ql p is a consistent estimator of {2; given in
(1).19 The third test (which appears under the label £(Qp) in Table 3) is the one proposed by Clark
and McCracken (2009). It is given by t(Qp) = Q]_DI/QS’p, where Qp is a consistent estimator of Qp in
(1). See Section 3.3 of Clark and McCracken (2009) for the details in obtaining 1 p and Qp. Relative
to their simulations, the only difference is that the relevant long-run variances are estimated using a
bandwidth of |min{R'/3, P'/3}| rather than an ad hoc rule of twice the forecast horizon. Results are
obtained with 10,000 Monte Carlo replications and 499 bootstrap replications each. We set R = 80
and allow P to grow from 20 to 160. The block length is equal to I = |min{R'/3, P'/3}|. This choice
ensures that | — oo such that I/ min{v/R, vP} — 0, as assumed in Theorem 5.1. It also ensures that
[ > 1 when P =20 and R = 80. The nominal level « is 5%.

"Here and throughout we use the original variant of the Diebold and Mariano statistic (Si, p. 135) but
replace the rectangular kernel with the Bartlet. The kernel bandwidth is [min(R, P)'/?] for the non-nested
comparisons and LTl/sj for the nested comparisons.
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The left panel of Table 3 shows that the asymptotic-based tests are typically oversized, particularly
when P is small. This is especially true for the Diebold and Mariano test, which does not account for
parameter estimation uncertainty. The Clark and McCracken test, which accounts for the presence of
parameter estimation error, is usually more accurately sized. However, the results in Table 3 suggest
that t(Q p) still tends to overreject in finite samples. This is especially true for the DGPs without
noise, where the rejections rates of £(Qp) vary between 0.090 (P = 20) and 0.057 (P = 160) for DGP1,
news only. These numbers are 0.085 and 0.057 for DGP2, news only, respectively. In contrast, the
bootstrap test yields rejection rates equal to 0.062 and 0.051, for DGP1, news only, when P = 20 and
P = 160, respectively. These rates are 0.055 and 0.050 for DGP2, news only. Hence, the bootstrap
largely corrects the size distortions of the asymptotic-based tests when the DGP does not contain
noise. This is also true for the DGPs that include noise and news in the revision process. In this case,
Table 3 shows that the bootstrap can be slightly conservative, especially for DGP1. For DGP2, with
noise and news, the degree of conservativeness of the bootstrap is smaller than for DGP1. Overall,
it appears that the bootstrap test does a reasonable job controlling size in finite samples and, more
importantly, does so without having to compute Qp.

The right panel of Table 3 shows that the three test statistics have power converging to 1 as P
increases for all DGPs, except DGP1 with noise and news in the revision process (we provide an
explanation below). The results show that the bootstrap rejection rates are typically smaller than
those of the asymptotic-based tests under the alternative. This is not surprising since the latter have
larger rejection rates than the bootstrap test even under the null hypothesis.

Unlike the case where revisions are pure news, actual power of the test can be quite low when
revisions also have a noise component. One example is “DGP1, noise and news.” While not im-
mediately obvious, the root of the problem lies with how the noisy revisions affect the mean loss
differential. For example, in DGPs 1 and 2 the population squared forecast errors take the form

u?tﬂu = (Y11 — it (t)Bi )%, i = 1,2. After taking expectations, straightforward algebra reveals

2 2 2 2 2 2 2 2 2 2 2
E(ui,t+1|1) = Bi,(]o-e,x + Bi,Ogv,w + Ue,y + Uw,y + IBj,OUU,x + Bj,OUw,w’

for ¢ # j and hence

E(Uitﬂu - ug,t—HH) = (5370 - /B%,O)(O-g,x - 0-1211,:)3)'
When the revisions are pure news, as in DGP1 and 2, “news only,” this expectation is non zero so long
as 31 and By differ since aix > 0 and afv’x = 0. However, in the presence of a noise component,

whether it is nonzero also depends on the relative magnitudes of 02@

and afw. In fact, if we use

the specific parameterization of DGP1, we find that the absolute expected loss differential takes the
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Table 3: Non-nested model size and power results with 5% nominal level

Tests P=20 40 80 160 | P=20 40 80 160
size: DGP1, news only power: DGP1, news only

t(le) 0.110  0.084 0.074 0.064 | 0.701  0.937 0.999 1.000

t(Qp) 0.090 0.071 0.064 0.057 | 0.695 0.935 0.999 1.000

Bootstrap  0.062  0.057 0.052 0.051 | 0.591 0.893 0.996 1.000
size: DGP2, news only power: DGP2; news only

t(Q1p) 0.100  0.085 0.075 0.060 | 0.492 0.742 0.960 0.999

t(Qp) 0.085 0.075 0.068 0.058 | 0.485 0.742 0.961 1.000

Bootstrap  0.055 0.053 0.056 0.050 | 0.400 0.676 0.941 0.999

size: DGP1, noise and news | power: DGP1, noise and news

t(le) 0.122 0.109 0.119 0.133 | 0.113 0.098 0.104 0.119

t(Qp) 0.062 0.047 0.046 0.046 | 0.084 0.068 0.068 0.070

Bootstrap  0.034  0.030 0.031 0.035| 0.056 0.0564 0.061 0.067

size: DGP2, noise and news | power: DGP2, noise and news

t(Q1p) 0.101  0.079 0.065 0.048 | 0.230 0.348 0.550 0.830

t(Qp) 0.083 0.069 0.061 0.050 | 0.223  0.347 0.557 0.842

Bootstrap  0.0561  0.048 0.050 0.043 | 0.164 0.292 0.513 0.817

value 1.43 when the data revision consists of news only, but reduces to 0.25 when the data revision
consists of news and noise. Clearly, when the data revision consists of news and noise, the mean loss

differentials are lower in absolute value, which in turn leads to significant reductions in power.

6.2 Nested models

For the nested case, we consider two DGPs with both noise and news. More specifically, the final data

are generated according to

Yr = 0.7ys—1 + BogTi—1 + eyt + vyt

T = 07241 +eptp + Vpy

eyt 0.8 cov(eys ezr) 0 0

ext | | covleys,eqt) 0.2 0 O
Vart o | = 0 0 02 0

Vot 0 0 0 03

where cov(ey,ez) = 0.35 for DGP1 and cov(ey,ez¢) = 0.25 for DGP2. We set 5, = 0 when
evaluating size and (55, = 0.3 when evaluating power.
The structure of the revisions is similar to what we considered in the non-nested case, i.e. we

consider a single revision, given by
Ut (t) =Yt — Uyt + Wyt and Xt (t) =Tt — Uzt + We,t,
where wy ; and w,; are the noise components. They are generated as i.i.d. Gaussian random variables
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Table 4: Nested model size and power results with 5% nominal level

Tests P=20 40 80 160 | P=20 40 80 160
size: DGP1, noise and news power: DGP1, noise and news

t(le) 0.101  0.122 0.170 0.248 | 0.290 0.413 0.637 0.873
t(Qp) 0.102 0.086 0.079 0.066 | 0.628 0.732 0.842 0.941
Bootstrap  0.095 0.080 0.073 0.061 | 0.619 0.726 0.837 0.939
size: DGP2, noise and news | power : DGP2, noise and news

t(Q1p) 0.044 0.027 0.019 0.012 | 0.083 0.073 0.070 0.081
t(Qp) 0.111  0.100 0.085 0.074 | 0.376 0.386 0.385 0.379
Bootstrap  0.105  0.095 0.083 0.072 | 0.372 0.382 0.383 0.378

with mean zero and variances that differ across DGPs. In DGP1, we set a?uyy = 1.8 and U?MC = 0.5.
As explained by Clark and McCracken (2009), this implies a correlation between the revision in y and
its final estimate of about —0.7, and a revisions variance about the same as the variance of the final
value, which is larger than what is observed for real-time data in inflation. With cov(ey, e; ) = 0.35,
this choice of parameters implies a large value of Q2. In DGP2, we set afu’y = 0.2 and a?u’m = 0.5. This
choice of parameters implies more realistic values for the correlation between the revisions and the
final values (as well as their proportional variances), but lead to smaller values of Q. As we will see
later, this distinction seems to play a role in the finite-sample efficacy of the asymptotics.

At each forecast origin, we use the generated real-time data to make a one-step-ahead forecast
for the target variable y;, ;. In each DGP the forecast takes the form x;t(t)Bl(t) for i = 1,2,
where x14(t)" = y;(t) and x2,(t)" = (y¢(t), 2¢(t)). The forecast errors take the form ;4111 = Y11 —
i +(t)B;(t) for i = 1,2. For all DGPs, we test equal predictive ability under quadratic loss. In contrast
to the experiments in Table 3, here we use the simpler bootstrap algorithm described in Section 5.3 to
obtain critical values for the test statistic Sp. We set the block length to | = | TY/5 |, which satisfies
the block length requirement of Theorem 1 in Corradi and Swanson (2007). We include the same two
asymptotic tests, t(Qp) and t(Qp), as benchmarks. These tests are defined as previously, and their
critical values are obtained from the standard normal distribution.

Table 4 contains results for the nested models comparisons. The results replicate those of Clark and
McCracken (2009). Specifically, for DGP1, where € is large, the asymptotic test based on the Diebold
and Mariano statistic t(Ql p) is oversized under the null hypothesis, with null rejections rates that
increase from 0.101 when P = 20 to 0.248 when P = 160. In sharp contrast, in DGP2 the Diebold-
Mariano version is severely undersized with rejection rates that decline from 0.044 when P = 20 to
0.012 when P = 160. The bootstrap test is comparable to the Clark and McCracken test and both

lead to better size control under the null hypothesis.
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6.3 Robustness

Each of the simulations were designed to align with our assumptions. For example, we require r to
be finite and, in particular, to be small relative to both R and P. In addition, we abstract from
annual benchmark revisions. In the following we provide a limited collection of simulations designed

to highlight the performance of the bootstrap when these assumptions are relaxed.

6.3.1 Small number of revisions

Here we consider a modified version of DGP2 applied to tests of equal accuracy for non-nested models.
The environment is largely the same as that in Section 6.1 except that we now allow values of r equaling
2,4,8,12, and 16. For example, the final, first, and intermediate releases j € {1,...,r — 1} of the
dependent variable take the form

r—1

Yglr = 0-4$1,t71 + (0.4 + A)$2,t71 + eyt + Zvyvtli’
=1
r—1

yp = 04w+ (044 A)wos1 +eys + Zwy,t\i,
=1

YtlG+1) = Yij — Wyl T Uyt

Similarly, the final, first, and intermediate releases of each regressor x;; ¢ = 1,2 take the form

r—1
Litlr = el’i7t+§ Vg t|1
=1
r—1
Tigr = exi,t"‘E W, 4|15
=1
Tigli+1) = Tiglj — Waytlj + Vg t)5-

While the parameterization is similar to DGP2, we rescale the variance of the news and noise

components so that their contribution to the variances of y and x; are invariant to the choice of r.

e DGP 3: agy =0.8, a?,,y =0.2/(r—1), o%n’y =0.2/(r—1), og’x =1.7, aix =0.3/(r—1), afv,z =
0.5/(r —1).

In Table 5 we report actual size and power of our bootstrap test for a range of values of r when
the sample sizes are R = 80 and P = 40. As we saw in Table 3, regardless of the choice of r, actual
size of the test tends to be reasonable when using the percentile bootstrap. In addition, while actual

power varies across DGPs, the choice of r does not seem to be a leading determinant of that variation.
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Table 5: Non-nested model size and power results with 5% nominal level: multiple revisions

r =2 4 8 12 16 r =2 4 8 12 16
size: DGP3, news only power: DGP3, news only
0.053 0.050 0.053 0.053 0.049 | 0.676 0.688 0.692 0.686 0.683
size: DGP3, noise and news power: DGP3, noise and news
0.048 0.049 0.047 0.041 0.043 | 0.292 0.285 0.293 0.289 0.290

6.3.2 Annual revisions

Here we consider a stylized example of how our bootstrap can, but need not, be robust to the presence
of annual revisions. Suppose that in each quarterly vintage ¢ there is an initial release y;;. However,
revisions occur only once a year and when they do, all previous releases are final. Assume that all
realizations ys, s = 1,..., R — 1 are final.

We consider two autoregressive models for forecasting 3,11, one based on an AR(1) model, which
uses one lagged value as a predictor, and another based on a restricted version of an AR(2) model

(where the twice lagged value is the predictor). Specifically, the DGP can be described as
Yy =x—1f e +up and yyy = yr — vp + wy,

where e; ~ 1.i.d.N(0,02), v; ~ i.i.d.N(0,02), and w; ~ i.i.d.N(pu,,02). We set 2,1 = y;—1 for the
AR(1) model and x;—; = y;_o for the AR(2) model. Under the null hypothesis, = 0, which implies
yr ~ 1.i.d.N(0,0?), with 02 = 02 + 02. We set 8 = 0.5 under the alternative hypothesis.

We consider a test of zero-mean prediction error based on an OLS-estimated autoregressive model
that does not contain an intercept. The one-step-ahead forecast is evaluated using the fully revised
value y; 41 = yi+1. The moment of interest takes the form E(f;11) = E(y1 — 24(t)8) = 0 where
the specific form of x;(t) depends on the lag length of the model.

For the AR(1) model, x¢(t) = y;; for all t. Given our DGP, 8 = 0, which implies fi1 = yr41 and
the null hypothesis holds. Since the revision process is finite lived and the functional form for fi11(5)
is time invariant, the asymptotics in Clark and McCracken still apply. Intuitively, our bootstrap
algorithm will also apply because it will enforce the feature that for every vintage, the most recent
value will be an initial release while all previous values will be final. Put differently, while our algorithm
does not replicate the entire pattern of the data when annual revisions are present, it replicates what
is needed for this example.

Now suppose the model has a twice-lagged value (as in the restricted AR(2) model described above)
and hence x;(t) = y;—1(t). We immediately find that the functional form for f;y; changes across the

calendar year. In most periods it takes the form ft(}r)l (B) = yt+1 — By¢—11, but during the annual
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Table 6: Size and power results: AR(1) and AR(2) models

A =1 4 12 A=l 4 12
size: AR(1) power: AR(1)
0.056 0.051 0.072 | 0.959 0.964 0.977
size: AR(2) power: AR(2)
0.056 0.111 0.163 | 0.061 0.944 0.988

revision it takes the form ft(i)l (8) = Y41 — Byi—1. In both cases, under our assumed DGP, fi11 = yi+1
and the null hypothesis holds for all ¢. The problem is that E ft(i)l, P need not be constant for all
t. If we let F) denote Eft(i)lﬁ then F() = —FEy;_1p and F® = —Ey,_; = 0, which are distinct
so long as F() is non-zero. Since FU) varies, the asymptotics in Clark and McCracken and our
bootstrap algorithm do not apply, because neither is designed to distinguish between regular vintages
and vintages that contain annual revisions.

In Table 6 we provide simulation evidence on the actual size and power of the bootstrap-based test

of zero-mean prediction error in the presence of an annual revision. For both models, we let
02=03, 02=02, 0% =02, u,=0.85.

The initial estimation sample size is R = 80, while the out-of-sample size is P = 80. We set the
bootstrap’s block length to 1 since our examples have the m.d.s. property. We consider annual
revision frequencies of A = 1, 4, 12. When A = 1, the vintages have a single regular revision structure.
When A > 1, revisions only arise with frequency A. For instance, if data have a quarterly frequency,
A = 4 implies that each year we have one annual revision. If data are observed at the monthly
frequency, one annual revision corresponds to A = 12.

When the model is an AR(1), our percentile bootstrap provides adequately sized tests of the null
regardless of annual revisions. In contrast, when the model is an AR(2), actual size of the test rises
sharply, well above the nominal 5% level. As to power, in most cases the test rejects with frequencies
near 95%. Even so, when the model is an AR(2) and there are no annual revisions, setting 8 to 0.5
does not constitute a deviation from the null and the rejection frequency aligns with the nominal size

of the test.

7 Forecasting inflation

In this section we apply our bootstrap procedure to tests of equal forecast accuracy in the context
of inflation forecasting. In particular, we do so with an eye toward revisiting Ang et al. (2007) who

compare several forecasting methods and conclude that survey-based forecasts of inflation are generally
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superior. While their results do support that thesis, they consider only current vintage data and hence
do not address a more realistic environment in which data are subject to revision.

With that in mind, we compare a small handful of linear forecasting models to survey forecasts
of both CPI- and PCE-based quarterly inflation and do so using vintage data. The surveys consist
of the Blue Chip (BC) and the Survey of Professional Forecasters (SPF). For the models we keep it
simple and consider only two from Ang et al. (2007): an AR(2) and an AR(2) augmented with one lag
of real GDP (RGDP) growth - the latter of which includes their preferred measure of economic slack.
We also consider an AR(2) that includes one lag of the change in total capacity utilization (TCU),
which is the preferred indicator of economic slack used by Stock and Watson (1999) who also conduct
forecasting exercises using current, rather than real-time, vintages of data.

Note that while revisions to CPI-based inflation are typically small, revisions to PCE-based in-
flation as well as RGDP and TCU can be substantial. Therefore, it is not immediately obvious that
our results will align with those of Ang et al. (2007). Unfortunately, these three series also exhibit
annual benchmark revisions and hence our assumption of a regular revision pattern across all vintages
is violated. Even so, we take some comfort from the simulations in Section 6.3.2 which suggest that
our bootstrap can yield reasonable results for models with short lags like the ones we consider.

Vintages of the CPI and PCE price indices, RGDP growth, and TCU are obtained from the
ALFRED database hosted by the Federal Reserve Bank of St. Louis. In each instance, the vintages
are available monthly. We use the January, April, July, and October vintages exclusively as these are
the first months for which (previous) quarter values can be constructed for all of the series. The SPF
is obtained from the Federal Reserve Bank of Philadelphia and is released within the first two weeks
of February, May, August, and November. The BC forecasts are obtained from the Haver database.
While they are updated monthly, we use those vintages that align with the SPF. Together this implies
a modest timing advantage for the surveys as they are released later than the implied forecast origins
for the estimated models.!!

Within each vintage t we apply the following data transformations. Annualized quarterly inflation

( (1)

Y, = ) is constructed as four times the log difference of the price index associated with the last
calendar month of quarters ¢t and ¢t — 1. Annual inflation is constructed in the obvious way as yt(4) =
Z?:o yi—j/4. RGDP growth is quarterly percent change. TCU is transformed to be the average of

the monthly first differences across the quarter.

HThere are a few instances in which this timing is irregular. If there is more than one vintage within a month we use
the latest release. If there is no release within a month, but there is one early in the subsequent month, we use it.
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For each forecast horizon 7 = 1,4, the three OLS estimated forecasting models take the form

yiT)(t) = Bo + B1yt—r(t) + Boyt—r—1(t) + Byzi—r(t) + ugT) (t)

where x is either omitted or denotes RGDP or TCU. The forecast origins t = R, ..., T vary depending
on the target variables. When forecasting CPI inflation, the forecast origins range from 1996:Q4
through 2019:Q3, but when forecasting PCE inflation, they range from 2007:Q4 through 2019:Q3.12
The distinction arises because the SPF started forecasting PCE inflation in 2007:Q4, and for a given
target variable, we wanted to maintain a common sample across the three models and two surveys.
For CPI, we use the most recent 50 observations to estimate the model at the first origin to restrict
attention to a Great Moderation sample. For PCE, we continue to use an initial sample size of 50

for continuity across applications. Throughout, the forecasts are evaluated against the initial release

()
Yiyrin-

Table 7 provides the results of our forecasting exercise. The first two columns denote the ten
pairwise model (survey) comparisons while the remaining columns distinguish the target variable and
horizon. For each permutation of model comparison, target variable, and horizon we report three
numbers. The first denotes the ratio of root mean squared errors (rmse) such that a value less than
one favors model (survey) 1. The second number denotes the percentile bootstrapped p-value (in
parentheses) associated with the test of equal forecast accuracy under quadratic loss.!® For the same
test, the third number is the p-value (in brackets) implied by the asymptotic distribution of the test
statistic delineated in Clark and McCracken (2009).

In nominal terms, of the forty potential pairwise comparisons, all but seven of the RMSE ratios are
quite close to one. In all of these instances, the bootstrapped and asymptotic p-values coincide in the
sense that there are no cases where one implies a rejection of the null of equal forecast accuracy at any
standard level of significance, while the other does not. Even so, for these instances, the conclusion
reached by Ang et al. (2007) remains valid — surveys tend to be more accurate than the models albeit
only modestly.

The exceptions all arise when forecasting PCE-based inflation at the longest horizon. Here we
find that the models actually perform better than both surveys, and by a substantial margin. In
accordance with the sizable difference in accuracy, the bootstrapped and asymptotic p-values are

typically smaller than elsewhere in the table. In fact, they are often less than 10 or even 5 percent,

2Note that, for example, a Q4 forecast origin is based on the January (February) vintage of data when using the
model (survey) to form a forecast.

13For ease of comparison, we use the bootstrap algorithm for linear models regardless of whether the models are nested
or non-nested. When a survey is used it is paired with the dependent variable to preserve dependence between the two.
In all comparisons, the algorithm shares a common seed across all 999 bootstrap replications.
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Table 7: Application to Forecasting Inflation

Model 1 Model 2 COPL PCE
T=1 T=4 T=1 T=4
AR(2) AR(2) + RGDP 0.993 1.006 0.988 1.024
(0.811) (0.567) (0.641) (0.951)
[0.239] [0.820] [0.144] [0.370]
AR(2) AR(2) + TCU 0.981 0.987 0.952 0.983
(0.475) (0.363) (0.941) (0.941)
[0.515] [0.344] [0.277] [0.627]
AR(2) + RGDP AR(2) + TCU 0.988 0.981 0.964 0.960
(0.439) (0.907) (0.969) (0.983)
[0.635] [0.346] [0.424] [0.227]
BC AR(2) 0.943 0.970 1.004 1.524
(0.441) (0.797) (0.975) (0.043)
[0.198] [0.749] [0.975] [0.023]
BC AR(2) + RGDP 0.936 0.976 0.992 1.560
(0.453) (0.711) (0.979) (0.049)
[0.160] [0.820] [0.953] [0.019]
BC AR(2) + TCU 0.925 0.957 0.956 1.498
(0.747) (0.669) (0.695) (0.053)
[0.127] [0.662] [0.625] [0.026]
SPF AR(2) 0.949 0.980 0.971 1.233
(0.543) (0.715) (0.363) (0.111)
[0.226] [0.825] [0.392] [0.027]
SPF AR(2) + RGDP 0.942 0.985 0.959 1.262
(0.531) (0.621) (0.337) (0.165)
[0.182] [0.888] [0.238] [0.028]
SPF AR(2) + TCU 0.931 0.967 0.924 1.212
(0.857) (0.591) (0.567) (0.171)
[0.147] [0.728] [0.148] [0.108]
BC SPF 0.994 0.990 1.034 1.236
(0.179) (0.455) (0.847) (0.197)
[0.104] [0.466] [0.768] [0.191]

Notes: For each pairwise comparison, the table presents: the ratio of root mean squared errors, the p-value
associated with a test of equal forecast accuracy based on our percentile bootstrap (in parentheses), and the
p-value for the same test based on the asymptotic distribution associated with the test statistic delineated
in Clark and McCracken (2009) (in square brackets). RMSE ratios less (greater) than one favor model 1 (2).
Results are provided for an initial window size R = 50 and horizons 7 = 1 and 7 = 4, across 999 bootstrap
replications. The forecast origins range from 1996:Q4 to 2019:Q3 for CPI, and 2007:Q4 to 2019:Q3 for PCE.
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suggesting statistically significant benefits to forecasting with the models rather than the surveys.
This sharply differs from the conclusion in Ang et al. (2007), though it bears emphasizing that the
sample we use is distinct from theirs. In particular, our sample for PCE inflation includes a period in
which the unemployment rate declined substantially from a high of 10 percent to a low of 3.5 percent.
In both surveys, especially the BC, longer horizon forecasts consistently overpredicted inflation as the
unemployment rate fell, suggesting an overemphasis on a Phillip’s curve relationship that has been a

topic of substantial debate since the Great Recession (e.g., Del Negro et al., 2020).

8 Conclusions

The main contribution of this paper is to propose a new bootstrap algorithm for out-of-sample pre-
dictability tests when the data are subject to a finite number of data revisions. Our bootstrap algo-
rithm replicates the triangular structure of the different vintages by relying on an application of the
moving blocks bootstrap. The novel feature of our method is that it not only preserves the time series
dependence of the data within each vintage, but it also preserves the dependence across the different
vintages. We provide a set of regularity conditions under which our bootstrap method is asymptoti-
cally valid. Simulations show that the proposed bootstrap tests have comparable size properties to the
data revision-robust test statistic proposed by Clark and McCracken (2009). However, the bootstrap
is easier to apply as it avoids estimating directly the asymptotic variance of the test. We conclude
with an application to inflation forecasting in the presence of real-time vintage data. In accordance
with the simulations, our empirical results suggest comparable p-values associated with tests of equal

forecast accuracy when using either bootstrap-based or asymptotic inference.
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A Appendix

As usual in the bootstrap literature, we use P* to denote the bootstrap probability measure, conditional
on the original sample (defined on a given probability space (€2, F, P)). For any bootstrap statistic ¢,

we write t7. = oy, (1), or ], —P7 0, when for any 6 > 0, P* (|t4| > &) = 0, (1). We write ¢} = Oy (1),

when for all 6 > 0 there exists Ms < oo such that limg_,o P [P* (|t}| > Ms) > 6] = 0. By Markov’s
inequality, this follows if £* [t5.|7 = O, (1) for some ¢ > 0. Finally, we write t3 —¢" D, in probability, if
conditional on a sample with probability that converges to one, t7. weakly converges to the distribution
D under P*,ie. E*(f (t3)) =7 E(f (D)) for all bounded and uniformly continuous functions f.
For simplicity, we treat § as a scalar and focus on the case of a single model, i.e., we let k =1 in

Assumption 2. Following West (1996), we write “sup,” to mean “supp<;<p.”
A.1 Auxiliary lemmas

Here, we provide several auxiliary lemmas, followed by their proofs.

Lemma A.1 Under Assumptions 1-5,

(a) sup, | B(t) = B(t)| = 0,(1).

(b) P2 L g () — HE)| = 0p(1).

(c) For any 0 < a < 1/2, sup, P*|H(t) — H(t)| = 0,(1).
(d) For any 0 < a < 1/2, sup, |[P*(B(t) — By)| = 0p (1) .

Lemma A.1(d) is the analog of Lemma A.3(b) of West (1996) when the estimator of S, is /3 (¢),

the OLS estimator based on real-time vintage data.
Lemma A.2 Under Assumptions 1-5 and assuming that | — oo such that 1/ min{v/R, P} — 0,

(a) For any 0 < a < 1/2, sup, P*|H*(t) — E*H*(t)| = 05(1), where H* (t) = ™! ZZ:HT h%, with
hi=al (Y — x5 Bo)-

(b) sup, |B*(t) — Bl = o}, (1), where B*(t) = (' S2! . at_ a2 ) .

(¢) For any 0 < a < 1/2, sup, }P“ (B: - 50)’ = 0}, (1).

(@ PV2YL L (ff s — FYBHY(t) = 03 (1)

(e) P~Y2 3y F(B*(t) — B)H*(t) = o}, (1).
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(£) PY2ST p(fien s — F)(BH(t) = BYH*(t) = 03 (1),

Parts (a) and (c) are the bootstrap analogs of Lemma A.3 (a) and (b) of West (1996). Parts (d)
through (f) are the bootstrap analogs of Lemma A.4 of West (1996).
To prove Lemma A.2, we rely on the following result. It provides an asymptotic approximation to

the MBB expectation of a given observation in the MBB sample.

Lemma A.3 Let {Z :t=M,...,M'} denote a MBB resample of {Z; :t = N,...,N'} with block
size | such that | — oo with l/n — 0, wheren =N'"— N+ 1. If E|Zy| <A, t= N,...,N’, for some
A < oo, then E*(Z}) = Zy + O, (I/n), uniformly int = M, ..., M’', where Z, =n~" ZiV:/NZt.

Lemma A.4 Under Assumptions 1-5 and | — oo such that 1/ min{v/R,~/P} — 0,
(a) Var* (Sip) & Q.

(b) Var* (Sip) & Qo.

(c) Cov* (Sip,Sip) = Qa.

Proof of Lemma A.1. To prove (a), it suffices to show that sup, ‘E‘l(t) — B7L(t)| = op(1).

We can write
t
B't)-B'(t)=t""! Z (To—r (O Tsr(t) — ws—ral_ ) =7V,
s=t—r+1

where .

Vi= Z (Ts—r(t)zs—r(t) — xS—Tl{e—T)‘

s=t—r+1
Hence, for any € > 0,
T T
P (Sup|t_1Vt] > 6) < P([t7'Vi| > ) <72 t 2BV
t I Y

The result follows by noting that Z;FZR t72 < PR™2 — 0 and E|V;|?> = O(1) by Assumption 4. Part
(b) follows similarly by writing t='V; = H(t)— H(t) = t ' 3" _, (hs (t) — hs). Part (c) follows similarly.
For part (d),

sup [P*(B(t) = Bo)l < sup |P*(B(t) = B)| + sup | P (B, = o).
where sup, |[P*(3(t) — B,)| = op(1) given parts (a) and (c), and sup, |P*(B, — Bo)| = op(1) by West’s
(1996) Lemma A.3(b). m
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Proof of Lemma A.2. Part (a). First, write

R L
" Z h:‘}'l{tZR-&-l}E Z hg

s=1+41 s=R+1
where 17> 1y is an indicator function equal to 1 if ¢ > R + 1. This decomposition is useful because

hy = h,_ for s < R, whereas hi = h,_for s > R. Using it, for any 0 < a < 1/2, we write
Pesup |H*(t) — E*H*(t)] < A} + A5,
t

where
1
= Y (hr—E*RY)|,

s=R+1

\/175;-7' h* E*h*)

where A% = 0%(1) since ‘R V2SR (hE— E*R)

since under Assumption 3 we can show that Var* <R_1/2 ZS 17 h;) = O,(1) by Corollary 3.1 of

Al =P A5 =P* sup

RH1<t<T

EH

= 0, (1). This follows by Chebyshev’s inequality,

Fitzenberger (1998). We are left to show that A5 = o;(1). For simplicity, we assume that the number
of blocks of size [ needed to obtain the t — R observations indexed by s = R+ 1,...,t is k (where
R+1<t<T), ie t— R = Ekl. Note that k is such that 1 < k < ko, since we have defined ko as
the number of blocks of size [ needed to obtain the last T+ 7 — (R+ 1) + 1 = P + 7 — 1 bootstrap

observations in the sample. With this notation, we can write

R4kl k
A5 = P sup (h; — E*h} PR~ sup U,
? 1<k<ky | Kl + R %1 )= 1<k<ko ;
where
ReA(i—1)1+1 !
U= Y (= ER) = (hjo1 = E*(hyejo)).
t=R+1+(i—1)l Jj=1

The last equality uses the fact that for t =R+ 1+ (i —1){,..., R+ (i — 1)l 4+,

ko — .
hy = hnR+1+(i—1)l+(j—1) = hyitj-1,

where J; ~ ii.d. Uniform on {R+7,..., T+ 7 —1+1}. To prove that A5 = o (1), it suffices to
show that sup; <<y, |p~1/2 Zle U;| = Oy (1). To prove this, note that by the independence of {J;},
{Ur:i=1,...,k} is an array of independent variables, implying that it is a martingale difference
array with respect to the o-field G | = o (Ji, ..., Ji—1). Using Theorem 15.14 of Davidson (1994), for

any € > 0,

2
) E*|PY23 U

<

- 62 )

k
P_I/ZZUZ‘* > €
i=1

P* | sup
1<k<ky
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where

ks 2 Thr 2 T+t
Jon <p1/2zu:> _ <p1/2 > (h:—E*h:>> = Var* (P”Q > h)
=1

s=R+1 t=R+1

which is O,(1) by Corollary 3.1 of Fitzenberger (1998). The result follows by noting that PR~ P1/2 =
0 (1) under Assumption 5 and a < 1/2.

Part (b). It suffices to show that sup, |[B*(t)~' — B™!| = 0}(1), which follows if sup, |B*(t)~" —

E*B*(t)~!| = 05(1) and sup, |[E*B*(t) "' — B~'| = 05(1). Let a} = 2% _ 2% ./, and as = 25,2} _,. By

the triangle inequality,

t

Y - B

s=R+1

R
R (- Ba)
s=1+4T1

+ sup
R+1<t<T

sup B*(t)_1 — E*B*(t)_l‘ <
¢

We can show that the two terms on the right-hand-side (RHS) of the inequality are oj(1) by relying
on an argument similar to that used in the proof of part (a). Thus, we only need to show that
sup, |[E*B*(t)~' — B~'| = 0,(1). Noting that E*B* (t)" ' =t~ Zizur E*a and B! = Eag (which

is constant under our stationarity assumption on x;), we can write

sup |E*B*(t)"! — B_1’
t

A\ I
w0 wn
T T

where the last inequality uses the fact that 7is finite. Noting that a; = a,_ for s=1+17,..., R and

az = ay, for s > R+ 1, we can apply the triangular inequality to obtain

t R t
sup [t7! Z E*(a} — Ea,)| < |R7! Z E*(a — Fay)| 4 sup [t} Z E*(a; — Eas)| .
¢ s=1+1 s=1+7 t s=R-+1
=£ E)
We can rewrite
R—r1 il
=" (R-7) Y Bel - Bay),
s=1+471

where (R — 1)~} ZSR:HT E*(a% — Eas) is the MBB expectation of the sample average of af — Fas.
By well-known properties of the MBB (see e.g. Fitzenberger, 1998), we can show that this is equal to
(R—7)"! ESR:H_T(CLS — Eag) + O, (ﬁ) Hence, &, = R™! ZszT(as — Eag) + Oy, (I/R). We can
show that &, = O, (R_l/Q) + 0p (1) = 0p (1) under Assumption 3 and the fact that {/R = o(1). That

R Zle yr(as — Eag) is Op (R_l/ ?) follows by applying a maximal inequality for mixingales (see

37



e.g. Lemma A.1 of Gongalves and Vogelsang (2011)). This result follows if ay — Fas = zs_ a2l —

.
FExs_ra__is an Le-mixingale of size —1 (which is ensured by Assumption 3). We study &, next. This
term relies on the MBB indices n,. Using again the simplified assumption that ¢ — R = ki, we can
write

¢ kool
Z E*(a; — Eas) = Z ZE* (ay,+(j—1) — Eas) (where we note that Fay is a constant)
s=R+1 i=1 j=1

k l
=1Y B[ 1) (ag4(-1) — Bas) | = kIE*UY),
- P

EZ/{,L-*
where the last equality holds because U is i.i.d. across i. Hence, we get that
t

&= sup |t ) E*(af - Ea))| <R sup [KIETU)| < R (ko) [EF (U

RHI<t<T =i} 1<k<k> paiad

The result follows by Assumption 5 (which implies that R™1(P — 7+ 1) = O(1)) and the fact that
E*(U) =0, (P_l/ %). The latter follows because we can write

ko ko l T+t
* * — * * * P
E*UF) =ky 'Y E*(U) = E* S (kal)” Zzaﬂo 1y — Eay) :P—T+1 (P 'Y (a

i=1 i=1j=1 t=R+T1

which is the MBB bootstrap expectation of the sample average of {af — Fa;:t=R+7,..., T+ 1}
(note that Ea;, = Eas by the stationarity assumption on ;). Thus, by the properties of the MBB

bootstrap expectation, we can write E*(U;) as

T+t
B*U) = P71 3" (ar— Ba) + 0y (1/P) = 0, (P™42) 40, (1) = 0, (1),
t=R+T1

since the first term after the first equality is O, (Pfl/ 2), under Assumption 3 (as explained above).
This concludes the proof that £, = o0, (1) and the proof of part b).

e n* * -1, * * : *
Part (c). By definition, 8, = (¢713°0_ af_ 2 ) ¢ Y0 ai_yi. Lettingyi = 2l Bo+
(y: — 2 __B,) and recalling the definitions of B* (t) and H* (t) yields 3, — 8, = B* (t) H* (). Hence,

n* * *
P sup By — Bo| =P"sup|B*(t)H"(t)]
<sup ‘B*(t) — B‘P“ sup ‘H*(t) - E*H*(t)‘ + BP%sup |E*H*(t)|
t t t

+ sup ‘B*(t) - B(Pa sup (E*H*(t)( + BP%sup |H*(t) — E*H*(t)|.
t t t
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Since supy ‘B*(t) — B‘ = 0,(1) by part (b), and for 0 < a < 1/2, P*sup, |H*(t) — E*H*(t)| = 0j(1) by
part (a), the result follows by showing that P*sup, |[E*H*(t)| = op(1). This result follows by the exact
same arguments as in the proof of part (b). In particular, we can decompose sup; |E*H*(t)| < x1+ X2
where x; = O, (R7Y/2) + 0, (I/R) and x5 = O, (P~/?) + O, (1/P) (the proof of these results is the

same as that used to study &; and &, in part b)). It follows that
P%sup |E*H*(t)| = O,(P*R~"/?) + O, (P"I/R) + O,(P*P~/?) + 0, (P*l/P) = 0, (1),
t

since P and R are of the same order magnitude (by Assumption 5), and a < 1/2. This implies
that the first and third terms are o, (1). The second and fourth terms are also o, (1) under our
assumptions. For instance, for the last term, because I — oo such that I/v/P = o(1), we can write
0, (P%l/P) = O,(P*P~Y21P~1/?) = 0, (1) since [/PY? = 0(1) and P*~ /2 = 0 (1).

Part (d). Adding and subtracting appropriately, we can center f e and H*(t) around their
— F)BH*(t) = E?:l Fi where

bootstrap means, i.e., P~/2 ZtT:R(ft:-ﬂr' P

T T
Fi=P YN (g = B ffomr g) BT (8) = B HA (1)), Fo= P2 (B f, 0 5 — F)BEH* (1)
t=R t=R

T T

Fy=P 2N (E*f}\ w5 — F)BH(t) — EXH*(t)), and Fy = P2 "(ff 05— E*f{ e 5) BETH*(t).
t=R t=R

To prove part (d), it suffices to show that each F; vanishes asymptotically. We start by showing

Fa = 0p(1). Note that F; is bounded by

T
§71/2‘**,’_‘ ‘**"
Fo<P ; E" fl\ripr5 — F|Bsup | E"H' (1)
implying that F» = o,(1) if P~/23] . TN F‘ = Op(1) and sup, ’E*H*(t)’ = 0p(1), where
supy, ’E*H*(t)’ = 0,(1) follows from the result of part (c¢). To show P~1/23"T , ‘E*ft*+7\r’,,8 - F‘ =
Op(1), it suffices that P! ZtT:R P2E|E*
pL2p| g

ft*JrT‘T,ﬁ — F’ = O(1). A sufficient condition is that

A ’ = O(1) uniformly over t = R,...,T. This follows by using Jensen’s inequality,

which implies that
. 2\ 1/2
PB[E iy~ F| < PV (B (B S = F) )

where we can show that F <E*ft*+7'|r’,ﬁ — F)2 < O(1/P) uniformly over t = R,...,T, given in par-
ticular Lemma A.3 and Assumption 3. Hence, Pl/QE‘E*ft*+T‘r,’B — F) < O(1), completing the proof
that F2 = op(1).

The proof that F3 = 05(1) follows from part (a) and the fact pt Z?:R Pl/z‘E*ft*Jﬁw,ﬁ —F| =
Op(1).
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For Fy, it suffices to show E*Fy = 0 and Var*(Fs) = op(1). Note that E*F; = 0 by design.
Hence, we only need to show that Var*(Fs) = o,(1). For simplicity, we let 7 = 1, and we define
aj, = ftiﬂr’,ﬂ — E*ft*+1\r/75v and ¢, = BE*H*(t). Fori =1,... ko, welet n; = R+ 1+ (i — 1)l, so
ny=R+1andng, =T +1—1+1, where R+ 1 is the index that links to the first element in the first
generated block, and T4+ 1 — [ 4+ 1 is the index that links to the first element in the last generated
block. Exploiting the independence between bootstrap blocks, we can write

2

T 2 ko l
Var®(Fy) = £ (P_1/2 > a?+1ct) =k ) UUEN Y an o Cuit 11
i—1 j=1

t=R

Now, we let d 1) = j—1)—1 and obtain

Ot (j—1) Cnict

-1 l-m
Var*(Fy) = ky 12 I~ 12E*d;§2+] T2 IZ EX(dy it -1y T (-14m)) |
m=1 j=1
— * 7% lm % (% *
where we can show that [ 12 E dn2+(j <0 »(P~Y/2) and > -1 B (dy, =1yt (- 1+m)) <

Op(l/P1/2) for i =1,...,ky. For brevity, we only show E*dv*mf—ir(j— = Op(P~ 12y fori=1,...,ky and

1)

Jj=1,...,1. Using the definition d i a;‘L#(j_l)cniJr(j_l)_l, we can write

Jj=1) =

* * [k 2
B2, oy = Vart(ay, -1 1 (-1)-1
< ’Var* (a;ﬁ(jfl)) —T'4a(0)

C?L¢+(j*1)*1 +[Faa(0 ’Ciﬂr(]’*l)*l
2 2
<[ver' @) - Tl (Bow B H 0]+ (O] (Bl 0]

where I'4(0) = Var(fi4q1)»3) and B are constants. The proof is completed by using the facts that
sup; |E*H*(t)| < O,(P~'/?) (as shown in part (c)) and E‘Var*(aflﬁ(j_l)) - Faa(O)‘ =0(1).

For Fi, it suffices to show E*(F?) = 0,(1). For simplicity, we let 7 = 1, ko = 2, and for i = 1,2,
n; = R+ 1+ (i — 1)l. This simple setting implies that (I"+1) — (R+1)+1=2[. Fort=R,...,T,

we let afy = fi' g0 5 — E* [l 5 and ¢f = B(H*(t) — E*H*(t)). Now we write
T41 2 i 1
—1/2 _ o—1 1= —1/2 * * —1/2 * *
E* (‘Fl) (P / Z at Ct 1) =27"F ! / Z an1+(j—1)cn1+(j—2) +1 / Z an2+(j—1)cn2+(j—2)
t=R+1 j=1 j=1
A A

where E*(A} 4+ A3)? = E*(A1AY) + E*(A5AS) + 2E*(A% A%). The result follows by showing that
E(A7AY), E(A5A5) and E(A7A3) all vanish asymptotically. Using the definition of ¢ and H*(t), we
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can decompose Aj and A3 into AT = Al + A7, and A5 = A5, + A5, + A5 ,, respectively, as

R
A l / an1+(J UW B(hs —F h‘s)
s=2

J=1

M, Nio
1 ni+(—1)—1
—]1/2 I
Al =17 ]22(%1-&-0 1)711_1_(‘7 2) -

R
Ay =1" 1/2Zan2+(] 1)n2+ (ZBh* Eh*)

B(hs = E*hy) |

s=nq

j=1 s=2
M, Nio=N3
1 ni+i—1
_1—1/2 s X pky ok
As =17 Zamw VTG D ( > B(h-E hs)>, and
J=1 s=n1
My =M N,
1 nao+(j—1)—1
-1/2 s ® kg ok
A2 = Zan2+(3 1)n2+(3 2) Z B(hg — E"hy)
J=2 S=ns9

These decompositions can be used to identify pairs of bootstrap terms that are independent. In
particular, any two terms that do not share the same base index set are independent. For an example,

1,0 is independent of /\/'1*70. Exploiting this independence, we can write
E*(A1A]) = E" (A1 0AT o) + E7 (A1, 414)
E¥(A3A5) = E7(A50450) + E7(A5,45,) + E7(A32455)
E*(A1Ay) = E(A11435).

To show E*(F) = o0j(1), it suffices to show that all the terms on the RHS of the above equations

vanish asymptotically. For instance, for E*( A} jA7 ), we write
E*(Af A7) = E*(RY?M; RV M o) E*(R™PNT o R™V2NT)
where E*(R™Y2N (R™Y2N7 ) = O,(1) by Fitzenberger (1998) Corollary 3.1 and E*(R'Y2M; (RY*Mj} ) =
0p(1) since RY?(ny + (j —2))"' < R°Y2 <172 for j = 1,...,l. Using a similar method, one can
easily show E*(Aj,A5,) = op(1) and E*(A5A5,) = op(1). For E*(A] A3,), we use the block’s
independence and write
(A7, A5 ) = E*(A],)E*(4})

where E*(A} ) = 0p(1) and E*(A5,) = 0p(1). This is because

l ll/z TL1+J 2)
* * —1 * * * * 7 %
B <Y s 3 [ (g B - B |
j=2 s=n1
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11/2

where T G=2) < % for j=2,...,1, and
‘E* (a;1+(j B~ E*h*)’_‘COU Y e BRD| < 0p(1)
for s = ny,...,n1 +1—1. Hence E*(A7,) < Op(#gl—/;) where # — 0 and }%1//22 — 0. Using a

similar logic, we can show that E*(A3,) = 0,(1). For E*(A] ; A} ), we directly compute the bootstrap
a* 1 +(@-1)-1 * * 7%
moment. We let D} . ) =ay 1oy Z?lny =1 B(h: — E*h?) then

[\

-2 l—-m

B (41141 —“ZE*DZ?ﬂw?ll 2 B (g0 Pag-rem)
15=2
-2 I

3
Il

S

1 * 1 * *
s Z‘E D32 yoy| +20 Z ‘E Prit G- Pt -14m)
=1j=

where ‘E*D;ﬁm 1)‘ — 0p(1) and Y\ (E (D 1y Doy 1+m))’ = o0,(1). Note that for j =
2.l

) ni+(j—1)-1 2
)E Dnr‘r(] 1 ) =|E a’;l-‘r(j—l)nl + (] _ 2) Z B(h: - E*h:)
s=n1
n+(j—1)—1 2 2
—2 * * * 7k
<RZE > ah . nBhe—ERY)| [ <0, <R2>
s=n1
We can also show that Z ‘E* D} -1 Priti— 1er)) < O,(13/R?) where I3/R? — 0 under our

assumption on [. In particular, here we provide the exact form of E*D*2 +( for j = 2. When j = 2,

Jj—=1)

* 1 * * * 1 %
E DELH—(Z = %E (an1+1 (hy, — E hm)) , where
9 1 T4+1-14+1 )
B (@B, B = pyy 2 (s = Cra)” (Bl =BG
t=R+1

_ 1 TH1-1+1 1 TH1—1+1
where Cyo = 57 >osert1 Jsi g and Cpy = P—I+1 Dos—r+1  Ds.

Part (e). Note that
T
p1/2 Z F(B*(t) — B)H*(t) <sup|B*(t) — BIJFP~Y2Y " |H*(t) — E*H"(t)|
¢ t=R

T
+sup |B*(t) — BIFP~'2 Y " |E*H*(1)],
t =R

where sup, | B(t)* — B| = 0j,(1) by part (b). The result follows by showing that (i) p1/2 ZtT:R |H*(t)—
E*H*(t)| = O,(1) and (ii) P P12 Zt:R |E*H*(t)| = Op(1). To prove (i), it suffices to show E*|H*(t)—

42



E*H*(t)] < O,(R™'/?) uniformly in ¢t. For t = R,...,T, observe that E*|H*(t) — E*H*(t)| <
1/2
[E* (H*(t) - E*H*(t))ﬂ , where

R . 2
1
B (H(t) — B*H* (1)) =E* (t‘l N (b - E*R) + 7{}”?9} Y (mt - E*h;))
s=1+71 s=R+1

R = i
== E (R—1/2 > (h;-E*h:))
s=1+71
t

2

1 t—R

+ {R“<t<t§}( ) ((t—R)1/2 3 (h:—E*h;‘)>
s=R+1

where 1ip,1<;<7} is an indicator function that equals 1 if R +1 < ¢ < T. Note that t% < R,
(t— R~ < PR = O(R™), Var'(R2 YR h2) = 0,(1), Var(t — B) 72 Yy, hY) =
0,(1), and Cov*(R~1/? ZSR:1+T hE, (t — R)~1/? ZZ:RH h%) = 0. To complete the proof, we show (ii).
This follows from noting that

T
P—1/2 § : ‘E*H*(t” < P1/2 sup |E*H*(t)| = Op (].) s
t
t=R

since we already showed that sup, |E*H*(t)| < x1+X2 = Op (R7Y/2) 40, (I/R)+0,(P~Y/2)+0, (1/P)
in part (c).
Part (f). Adding and subtracting appropriately,

r T
P S Fiveprs = ) (B0 = B)H'(0) Ssup B (1) = B|P™ 3 | s = F| 1)~ E°H (1)
t=R =R

+ sup ‘B*(t) - B’P‘W ET: T 5 — F) \E*H*(1).

t =R
Given part b), it suffices to show (i) P~1/2 ZtT:R firp s — F‘|H*(t) — E*H*(t)| = Op(1) and (ii)
P12 ZtT:R Sirm g — F‘ |E*H*(t)] = O;(1). We can prove (i) by applying the Cauchy-Schwarz
inequality and using the fact that E*(H*(t) — E*H*(t))2 = O, (min(R, P)~'/2) + O, (I/ min(R, P)),
as in the proof of part (e). Part (ii) follows by noting that E* (ft*—l—’r\r’,ﬁ — F)2 = Op(1) (by Lemma
A.3) and the fact that sup, |E*H*(t)| = O, (min(R, P)~'/2) + O, (I/ min(R, P)). =

Proof of Lemma A.3. Let M’ — M + 1 = kl and generate I,...,I; ~ ii.d. Uniform on
{N,...,N' =1 +1}. Set

Z&-}—(i—l)l-‘r(j—l) = ZIri—(j—l)’ for ¢ = ]., e ,k, ] = 1, ey l,
and note that this yields a bootstrap sample
{Z3y = Z1, 231 = Ziy1, - s Zypgi1 = Znii—15 Zags = Zhgs - -2 Zagr = Zlpti1 ) -
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Since [; is i.i.d. Uniform on {N,..., N’ — 1+ 1}, it follows that for i =1,...,k, j=1,...,1,

N/ +1
EY(Zys -1t -1) = B (Zr4(-1)) = (N' = N =1+ 2)” Z Zit(j-1);

which varies with j =1,...,1, but not withi=1,...,k. Let n=N'— N +1 and Zn_nflzt NZt

For each j =1,...,[, we can write
/ N’ I+1 " B N »
(N =N —1+2)" Z Zyy (1) = l+1(n ZZt>+(n—l+1) Aj,
t=N
where A; = Zi\i&lﬂ Ziy(j—1) — iV:lN Z;. Each term A; can be written as a sum involving [ — 1

observations in {Z;}. For instance, for j = 1,
-1

(n—l+ 1)_1 Al = m(l — 1)_1(ZN/71+2 4+ ... +ZN/) = Op (l/n) lf l/n = 0(1),
a1=0,(1)

where a; = O, (1) because E |Z;| < A for all t. For j = 2,

_ [—1 _ .
(n—l+1) 1A2:m(l—1) 1(ZN+]_+ZN/_Z+3++ZN/):Op(l/n) lfl/n:()(l)
az=0p(1)

Since, for any j, we can show that (n — [+ 1)"1E|A;| = O (I/n) uniformly in j, the result follows. m

Proof of Lemma A.4. Part (a). Recall that Sip = P~/2 Z?jﬁ+7(ft7T, — fyrr)- We start
by showing Sip = Sip + 0y(1) where Stp = P1/? tT:J}%H(ft‘T, - E*f;iT,). Using S'TP helps to set
the first summand of S7p from f}, ol O Ir 1 where ff, e = f??R+1|?“’ is the first element of the
first random block based on {np,1,...,7g41 + (I — 1)}, and S;p is centered around bootstrap mean.
Adding and subtracting appropriately,

Stp = Sip+ PV2A* 4 PT12A

where A* = Z:g+7 ftﬁr’ — ZSTL;H S A = ZSTLQH Ef:‘r, - $:+£+T fyr- Note that A* is at

most Op(7), and it is exactly zero when 7 = 1. Hence P~1Y2A* vanishes asymptotically. Let C P =

I+ ftjrr then

t=R+T1
T+T T+T
A= D" (E'fypr —Cr+Cs) =PCr= Y (E*fyr —Cs) + (= 1)Cy
s=R-+1 s=R-+1

where E* fy,» —Cy < Op(l/P) for t = R+1,...,T + 7 by Lemma A.3, and Cy < Op(1). This implies
P712A < P7V2(P + 7 —1)0,(1/P) + P~Y/2(1 —1)O,(1). Hence, P~'/2A vanishes asymptotically
under the block length condition 1/v/P — 0. Using these results, we can write Sip = S¥p + o,(1).
This implies

lim Var* (S7p) = lim Var* (gikp)

R,P—o0 R,P—00
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where

T+
x [ O p . -1/2 _
Var (Slp) - R,llygoo Var (P E ft|r’> =

t=R+T1
by Corollary 3.1 of Fitzenberger (1998).

Part (b). From Lemma 5.1, we know that

R P-1
S;p:CLR?opfl/2 Z (h:—BR)—FPil/QZaRd(h}}Jri—Bp).
s=14+T i=1

* *
S3pa S3p2

We first recenter S5, by adding and subtracting the appropriate bootstrap mean of S35, and 555,

S2p1 —CLRoP 1/2 Z E*h*)—l-aRoP 1/2 Z E*h* hR)
s=1471 s=1+T
P-1 P-1 B
Sypo =P 1/? Z api(Wppi — E*Wigyy) + P72 Z ari(E*hgry; + hp)
=1 =1

where apoP~ 1/2 Zs 1r (B RG — hr) = op(1) since ary < oo and E*h: — hp = O,(I/R) for s =
1+7,...,R, and P~ 1/22 ! ari(E*Wyy,; — hp) = op(1) since P~ 122 Lari — 1—7tIn(1+7)
(see West (1996), Lemma 4.1) and E*h},,; — hp = Op(l/R) for i = 1,..., P — 1. Now, we can write

P-1

Sip =apoP~Y/? Z (b = E*h5) + P72 " agi(Whys — E*hgy) +oi(1),
s=1+7 i=1
Sira Sia
and
R,llygoo Var* (S5p) = R,E’rgoo (Var* (5’2*13_1) + Var* (5’;}_2) +2Cov* (ggp,l, §§P.2>) .
Note that

R
lim Var*(Sip,) = lim a%,P 'RVar* (R_1/2 Z (hy E*h:))
R,P—00 ’

R,P—o00
s=1+41

where a%}OPflR — 71 1In?(1 4 7) by West (1996), page 1082 (A-1a); by using Fitzenberger’s (1998)
Corollary 3.1,

R 00
(R—W > (hi - E*hY) ) 5 var (R—W > ht> = > Tnald)
t=1+47 t=1+47 j=—00

where Ty,(j) = E(hthiyj) = E(hihi—;) = Tpn(—3). Hence Var*(Sip,) 2 Qa1

For Var*(Sip,), we first rewrite S, as

P-1 T+1
Spy = P71/ Z ari(Wyyi — E*hyy) = P72 Z ci(hi — E*hy).
i=1 t=R+1
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where
ap; for1 <i< P -1
CRi; =
=0t P<i<P—1+47.

By exploiting the independence between blocks, we write

T+7 ko RA14+(i—1)I+1-1
Var* (P—1/2 > alhi - E*h;)) =P Var > ci(hf — E*h})
i=1

t=R+1 t=R+1+(:—1)I

¥

Now, we show V & Qy5. Adding and subtracting appropriately, we write V = V) + Vs 4+ V3 where

ky [ RA1+G—1)l4+-1 I-1 R14(i—1)l+1-1—j
1 2 .
=p 'y > GThn(0) +2) > et U nn ()
i=1 \ t=R+1+(i—1)l J=1  t=R+1+(i-1)l

ko RA1+(—1)I41-1

PS> (Ve () - Ti(0)

=1 t=R+1+4(:—1)I
ko R+1+(i—1)+1-1—j

V3 =2 Z p! Z Z CtCitj <CO’U*(h:7 h;fk+j) - thU))

i=1 t=R+1+(i—1)l

where V, and V3 goes to zero in probability. We show V, = 0,,(1); similar arguments apply to proving
V3 =o0p(1). Fori =1,..., ko, we let m; = R+ 1+ (i — 1)l. Using this notation, we can bound V, as

follows

ko 1 ko 1
= PN (Var (o) T (@) < PTYYSDT R g [Var (B, o) = T 0)].

i=1 j=1 i=1 j=1

A sufficient condition for Vo = 0,(1) is (P_1 ZtTJr};H ct> ‘Var Jr(j_l)) - th(O)‘ — 0 where

T+1
IZZ =p! Z ¢ =2l =7 'In(1+ 7)) — 7' In(1 +7)
=1 j=1 t=R+1

by equation (A1-1b) in Lemma A.5 of West (1996). Thus, we only need to show E )Var —Tpn(0)] —

m;+(j— 1))
0. Using Jensen’s inequality,

E \Var*(h;, G- 1)) th(O)‘ [ (Var (h:%-s-(j_l)) _th(0)> }1/2

1/2
< [Var (Vm“ (S 1))) + (Evar*(h:nﬂr(j—l)) - th(O)) ]

where for i = 1,..., ko,
1 T+r—-1+1 1 T+1—1+1
Var (hs-0) = 5o 2 (hagony =Cug)” with Cuj= 5oy D7 Dy,
t=R+1 s=R+1
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Using the uniform fourth moment bound on hy, Var (Var (h* ))) — 0. Note that

mi+(j—1

1
* * 2
EVart(hy, . j—1y)) = Tnn(0) = —E(Cp;)” < O <P+7——l> 0

which completes the proof of Vo = 0,(1). Similar proofs can be found in the proof of Lemma A3 of
Corradi and Swanson (2003) equation (38)-(39) or equation A.9 of Corradi and Swanson (2007).
Since Vs and V3 both converge to zero in probability, we only need to focus on V. Adding and

subtracting, we can write V; = V1.1 + V1.2 where

ko [ RA1+(i—1)I+1-1 1—1 R+1+(i—1)l+1-1
—1 2 .
V=P | > atw@+2), > aTwl)
i=1 t=R+1+(i—1)l J=1 t=R+1+(i—1)l
k2 -1 [ R+1+(—1)I+—-1—j R414+(i—1)I4+1-1
—1 2 .
Via =P} |2} D D DR RO
i=1 Jj=1 t=R+1+(i—1)l t=R+1+(i—1)l

where Vi o converges to zero. This step can be shown by using an argument similar to the proof of

West (1996), equation (A-1b). In particular, for i = 1, ..., ko, we can write

-1 [RA1+(i—1)l+l-1—j RA1+(i—1)l4+1-1
-1 2 .
21 E E CtCiqj — E c; | Thn(4) — 0.
J=1 t=R+1+(i—1)I t=R+1+(i—1)I

Now, we are only left with V1 and

T+t -1
Vi = (Pl > c§> (Z th(j>>,

t=R+1 —I+1
where
T+t P-1
p! Z ¢ =p! Z a%,i =2l — 7 ' In(1 +7)] — 7 ' In(1 + 7).
t=R+1 i=1
Hence,
lim Var* (S; 1 LA = Oaa.
po VO (San2) = i Vb er(L) 5l Vi =22

Part (c). Using the results of part (a) and (b) of this lemma, we can write

lim Cov*(S1p,Sop) = lim Cov* (glp,(g;p_l‘k»g;p.Q)).

R,P—o00 R,P—00

Exploiting the independence between {v,.,...,vg} and {ng1,..., 074, }, we can write
Cov” (§1P> (S5p1 + SgPQ)) = Cov” (gfpa S;P.Q)

where Cov* (S’fp, S’;RJ = 0. Using the notation cg4;, see definition in Part (b), we can write

T+1 T+t
Cov*(Sip, S3pa) = P~ Cov’* ( Z (ft*\r' - E*f;ir/)v Z c(hi — E*hf)) .

t=R+1 t=R+1
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Exploiting the independence between blocks, we write

T+T T+T
P~ Cov* ( Z (fg'ir/ —E*f:‘r/), Z ce(hi —E*h?)>

t=R+1 t=R+1
ko ReA14-(i—1)I41—-1 RA+14(i—1)l+1—1
=Py " Cov* oo e —ES), Y alhi — EYR)
i=1 t=R+1+(i—1)! t=R+1+(i—1)!
W
For notation simplicity, we let b = R+ 1+ (i — 1)l for i = 1,..., ko then W = W) + Ws + W3 where
ko 1—1
PSS S o (B st s i)
i=1 m=1 j=1
ko l
W2 = P*l Z Z Cov* <fl;:+(j—1)|TM cbi+(j—1)hzi+(j—1)> R
i=1 j=1
ko -1
-1
Py ) ZC(’” <fb FG-Dmlr Coit (=)t 1))
i=1 m=1 j=1

Adding and subtracting appropriately, we have

ke I-1
Wi =Wi1+ (Wi —Wi1) where Wy = 12 Z Zcb +(G—)mL a(=m),

i=1 m=1 j=1

2
Wy =Ws 1+ (W2 — WQ.l) where Wh 1 = p! Z Z CbiJr(j,l)th(O)
i=1 j=1
ko 1-1

W32W3,1+(W3—W3.1) Where W3_1 IZZZCbJrJ 1Pfh )
i=1 m=1 j=1

where yp(m) = E(fyhtim) = E(fypht—m) = Upp(=m). Note that Wi — Wia| = op(1), [Wa —
Wa.1| = o0p(1) and [W3 — W5 1| = 0,(1) by using the same arguments that proves the results of part

(b). Further adding and subtracting on W; 1 and Ws 1, we can write

-1 ko l

Wii=Wii1+ Wi —Wiia) where Wy 1 = Z p! Z Zcbi+(j—1)rfh(_m),
m=1 i=1 j
-1 ko

Ws1=Ws11+ Ws1—Wsi1) where W11 = ZP 1zzcb+] L pn(m)
m=1 i=1 j=1

Note that (W1 — Wi1.1| = o(1) and W51 — Ws11] = o(1) by an argument similar to that used in
the proof of West’s (1996) Lemma A.6. Hence,

P-1 -1
Cov”® (gikpjikp.z) & P! (Z aR,i) Z Lpn(m) — Qi
i=1 m=—1+1

where P~! (Zf:ll aR,i) — 1 —7"1In(1 +7), see remark in part (b) or by Lemma A6 of West (1996).
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A.2 Proofs of results in the paper

Proof of Lemma 4.1. Given Lemma A.1, by two mean value expansions of fi |, (Bt) and

Jt4rpp (B (t)) around B, we can write

T
Sp—Sp=FP'2Y (B(t) = B,) + 0p(1).
=R

The result follows by showing that P~1/2 Z;‘F:R(B (t) — B,) = o, (1). Using the definitions of 3, and

3 (t), we can write
3

T
PN (B - B) =) Ci
t=R i=1
where ¢; = P12 T <B(t) - B(t)) H(t), Co = P12 T | B(t) (ﬁ(t) - H(t)), and
¢y = P12y T (B(t) - B(t)) (ﬁ(t) - H(t)). Next, we show C; = o,(1) for i = 1,2,3. Starting
with Cy,

T
¢ < sup |B(t) - B P2 Y |H(0),
t=R

where sup, ‘B(t) - B(t)‘ = 0,(1) by Lemma A.1 (a) and P~'/2 3 |H(t)| = O,(1) by the proof of

West’s (1996) Lemma A.4 (c). Next, adding and subtracting appropriately,

T T
c;=P 23" B (ﬁ(t) —H(1) + P2 (B(t) - B) (ﬁ(t) . H(t)) .
t=R t=R
It follows that
T T
C; < BP?Y (H(t) - H(t)) +sup |B(t) - B| P23 |H(t) - H(1)|
t
t=R =R
where P~1/2 Z;‘F:R |H(t) — H(t)| = 0,(1) by Lemma A.1 (b), and sup, | B(t) — B| = 0,(1) by Assump-
tion 2 (a). We can show that C3 = 0, (1) by a similar argument, completing the proof. m
Proof of Lemma 4.2. Part (a) follows from eq. (A-1.c) in Lemma A5 in West (1996), whereas
part (b) follows from West’s (1996) Lemma A2 (a). =
Proof of Lemma 5.1. This result is obtained by taking the difference of two second-order mean
value expansions. The first expansion expands ft*+7'|r’ (3: ) around [, whereas the second expansion
expands fy-,(B;) around By, where 3, = t'RBr +t71(t — R)Bp, with

N — R — — R no_ — T — — T
/BR — (R ! Zs:l—l—T 335_7—%;77.) IR ! Zs:l—l—T Ts—1Ys and 6P = (P ! Zsi;%-+7 JIS_T"L’Isz) 1P ! Zs:};-}-q— Ls—1Ys-

More specifically, we have that
T T
P2 e (BD) = PN e + 61+ 6
t=R t=R
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where
& =p/2 th+7|7" —B) and & =0.5P"/? Z 852 f“fTI?" (BB = Bo)?,

where B: lies between Bt and 3, and we recall that ft*+7'\r’ = ft*+7-|r/ (Bp) and ft*+7-\r’,ﬁ = ft:ﬂr/,ﬁ (Bo)-
To show &5 = 0,(1), note that

|52|<05<SUP‘P1/4(5 = By > 12‘ ﬁth-i-Tl?" Bt)

The result follows by Lemma A.2 (c) and the fact that we can show that P! Zt B ’862 f <5t) | =
Oy (1), as we argue next. By Assumption 1, and the fact that ,Bt =, By, we can bound |T52ft+r|r' (ﬁt> |

by supge |8‘9—;2 foeo o (B)] < mgy, = mi, .. The result follows by Markov’s inequality,

(s ]2

=R

2ft+7—|'r Bt)

T T
> < P* <P1 > mi, > 5) <o Py CEN(miy,),

t=R t=R

since P! Z;‘F:R E*(mf,.) = Oy(1) by the properties of the MBB expectation. For £}, adding and
subtracting appropriately yields

T 4
& =PVY s (B = Bo) = Y€1
t=R =1

where
T
€1 =FBP 2N H*(t), €&,= 1/22 (fisr 5 — FYBH (1)
t=R
€3 =P71? ZF (B*(t) — B)H*(t), and & , = P72 Z(ft*—i-ﬂr’,ﬁ — F)(B*(t) — B)H"(1).
t=R

By Lemma A.2 (d),(e) and (f), {1 ; = oy, (1) for i = 2,3, 4, respectively. Hence,

T T T
PN (B = PV fi e+ FBPTY2 ST H (1) + o)1), (5)

t=R t=R t=R

Similarly, an expansion of f; |, (B,) around B, yields

T T
P—1/2 E ft+T|7”(/Bt) — P—1/2 Z ft—‘rTl”"l + 51 + 52,
t=R

where
B T _ B T 52 .
&1 = P_1/2 Z ft+r|r',/3(5t - /80) and o = 0-5P_1/2 Z ﬁft+r\r’ (Bt)(ﬂt - 50)2-
t=R t=R 9p
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where Bt lies between 3, and 3,, and fearir 3 = fearir 8(Bo).- We can show that &, = o,(1) using

a similar argument to that used to show that §5 = oj (1). In particular, it suffices to show that

sup, | P4 (B, — By)| = op (1) and P! SE ‘BB—;QfHTW (ﬁtﬂ = 0, (1). For £, note that by definition

we can write 3, — By = %(BR — Bo) + %(BP — By), where

—1
with B(R) = (R_l ESR:HT a:s:v’s> , H(R) = R~} Zf:l—&-T hs, using our previous definitions of B (t)

and H (t). Similarly, given the definition of 3p, we can write

- B . TH4T ) -1 . TH+T
Bp—=By=|P" Y wal)] P' Y h

s=R+T s=R+T1

=Bp =Hp=hp
With this notation, we have that
. d R t—R
£ = P1/2;%ft+f|w,/5 (tB (R)H (R) + tBPHP) :

Adding and subtracting appropriately, we rewrite &; as &; = Z?Zl £, ; where

We can show that &; 4, & 5 and &, 7 are o, (1) by applying arguments similar to those in West (1996)
(cf. his Lemma A.4). Similar proofs show that &, 4, & ¢ and & ¢ are also o, (1). Hence, we obtain

that 51 = 51,1 + 51_2 + Op(l) and
T - T ) )
PN friap (B) = P72 Y fuieipr + €01 + €12 + (1) ©)
t=R t=R

Subtracting (5) from (6) yields

T T
Sp=pi/2 Z (ft*+7|w(/3:) = Jigrr (Bt)) = p1/2 Z (ftiﬂ,«/ - ft+T|r’) + (€71 — &1 — &12) Top(1),
t=R

t=R

o1



where
T
P_1/2 Z (ft*+7—|7” - ft-‘rT‘T’/) = STP?
t=R

and &1 — &1 — &9 = FBS;p, as we show next. In particular, using arguments similar to those of

Lemma A.5 of West (1996), we have that

T R P-1
&1 =FBP Y2 H*(t) = FBagoP™"* > hi+FBP'?Y agibf,,
t=R s=1+1 i=1

where ap; = (R+i)) ' +...+(R+P—1)""for 0 <i < P —1. Moreover, we can rewrite £, ; as

follows,

T R
& ,=FBpP1/? <§ t—1> RH (R) = %FBP_I/QQR,O (R—7)hg = FBagoP~ "> Y hg+oy(1),
—— —

t=R =hn s=1+4T1

E(lRy(]

where the second equality holds by H (R) = hp and the fact that agg = >\t ', and the third

equality follows from R/(R — 7) — 1. Lastly, we can rewrite

> " t-R 1 PN P-1 )
§12= FBP~'/? (;z t) Hp = FBP1/2<R+1 + .t T> hp = FBP~/? (; aR7’i> hp.
=25 e
Hence,
R P-1
&1 =& — &0 = FBagoP '/ Z (h% — hg) + FBP™'/? Z ari(hpyi — hp) = FBS3p.
s=147 i1
[

Theorem 5.1. Theorem 5.1 follows from Polya’s theorem (e.g., Serfling, 1980 Chapter 1.5.3
page 18) if Q~1/28% 4 N(0,1) and Q~1/28% i N(0,1). Using the expansion in Lemma 4.1, we
get S, 4 N(0,9) by Theorem 4.1 of West (1996). We are left to show that S% N N(0,9). Re-
call that Sip = P~/ ;‘F:J?%H(f:\w — E*f{), S3p1 = apoP™'? S (hy = E*R}), and Sip, =

P12 c(hy — E*hY) with

ap; for1 <i< P -1
CR4; =
B Yoitp<i<P—1+71

Using Lemma 5.1 and the results in Lemma A.4, we can write,
Sp=Sip+ FB (Sip1 + Sipa) + 03(1)

= (Sip + FBS3p,) + FBS;p; +oy(1).
———
=K73 =K3
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This alternative representation of 5’}5 enable us to separate the whole bootstrap statistic into two
independent, zero bootstrap mean, bootstrap statistics K7 and K3. The independence of these two
terms can be seen from bootstrap algorithm in section 5. Recall that S’; p1 1s based on random indexes
I, ..., I, whereas S’f p and 5’5 po are both based on random indexes J1, . .., Ji,, which are independent
from Iy,...,1I,. Next we show K] and K3 both converge to normal distribution with zero mean and
appropriate limiting variances. Without loss of generality, we let 7 = 1 for the rest of the proof.

For K75, we write

p 71/2 s
Y= F - * 7k
K BCLR,O(R_l) Z - )

—-1/2

where <Va7“ <(R 2R h)) (R—1)"2°F(ht — B*h) 5 N(0,1) by Corollary 3.1 of

Fitzenberger (1998). Using the result of Var*(S}p,) in Lemma A.4 (b), we can write
Var* (K3) 2 F2B%Q, .

where the definition of €251 can be found in Lemma 4.2. Hence, K3 converge to normal distribution
with zero mean and variance F2B?Qs ;.

For K7, we first simplify the notation by letting m; = R + 1 + (i — 1)l then write ] as sum of
independent block sums, i.e., K} = Pl/zkrg1 Zfil Uf;ll where

l
Tk —1 [k h*
Umi =1 Z (fmz'+(j—1)|7“' T FBCmi+(j_1)hmi+(j_l)>
J=1

with S o = T~ B o a0 By = Boyoy = BB oy Using
results in Lemma A.4, we can write

Var (K;) 2 Q) + F2B?Qa5 + 2F BQyy

=X

where the definition of €1, Q22, and 212 can be found in equation (1) and Lemma 4.2 respectively.
Then X~12K5 = Zle Zm, where Z,, = 271/2]371/2[0;%_ Noting that {Z7, ,... ,Zz%} is a zero
mean, independent heterogeneous sequence which satisfies a CLT for independent heterogeneous se-
quence (see, 23.6 Lindeberg’s Theorem and 23.11 Liapunov’s Theorem in Davidson 1994). We verify
Liapunov’s condition using arguments similar to those in Goncalves and White (2002) (see equation

(A.5) on p. 1384). m
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