Micro Prelim August 2016 - ANSWER KEYS

QUESTION 1
(a.1) The game is as follows:
I L
0
T 0
-1 O
5 -10 -11
-15 0 -1 5 0
(a.2) First replace Nature’s move with expected payoffs:
I
0
T A 0
2
d S y S
25 3 -3 2
-75 -5 -7.5 —10

Since the game has no proper subgames, the set of subgame-perfect equilibria coincides with the
set of Nash equilibria. The strategic form is as follows:

Player 2
d S
L 0 0 0 0
Player1 A -3 -7.5 2 -10
T -2.5 -7.5 3 -5
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There are two pure-strategy Nash equilibria: (7,s) with expected payoffs (3, —5) and (L,d) with

expected payoffs (0, 0). There is also an infinite number of mixed-strategy equilibria:

L A T|d s
1 0 O|p 1-p

(b.1) The game is as follows:

1 L
not L
1
T A
S
Nature

2

E ~10

1/2

3 -10 5 -11
-15 0 -15 0
(b.2) First replace Nature’s move with expected payoffs:

1 L
0
0
not L
1
T A
2
d &s y s
2.5 3 3 13
-7.5 -5 -7.5 a

] for every p > % =0.545, with expected payofts (0,0).

0
0
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The proper subgame has a unique Nash equilibrium: (7,s) (because T strictly dominates 4 and
against 7"the unique best response is s). Thus the unique subgame-perfect equilibrium is

(=L, T),s).

(¢) Each of the two games is simplified by replacing Nature’s move with expected payoffs.

Police Officer @ @

T A

Motorist ‘ ® 7 l-p @ ‘

(d) The game is as follows (again, we have replaced the second move by Nature with expected
payoffs):
Nature

Yy
S

-2.5 3
-7.5 -5 -7.5 -10

(e) When p =2 the strategic form is as follows:
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Player 2

d s

LL 0, 0 0,0

Player LP —ﬁ,—3 i,—4
5 5

A R
2 2 5

pp| 2 151
10 215

There are two pure-strategy Nash equilibria: (LL,d) and (PP,s).

QUESTION 2

(a) Suppose that such an incentive compatible exists. In order for type M to choose e, it must
be that

Wy, ——2W —— (1)

And in order for type L to choose w it must be that
. e e
w——2>w, ——2L 2
o - "y (2)
Multiplying (1) by 6,, and (2) by 6, (recall that both 8, and 8,, are positive) we get
0,w, —e, >6,w —¢, thatis, 0, (WM—W*)ZeM—e* (1a)

Ow —e >6,w, —e,, thatis, e, —e >0, (WM —w*) (2a)

It follows from (1a) and (2a) that 6,, (WM -w ) >0, (WM — w*) and thus, since 8,, > 6, >0 it
must be that w,, —w" > 0. From this and the fact that 8, > 6,, it follows that
0, (wM —w*) >0, (wM —w*) and thus, by (1a), 6, (WM —w*) >e, —e ;thatis,

* *

._e, e . . e . e :
w,, —w >—L—— which can be written as w,, ——L >w ——— which says that the H type
H H H H

prefers e,, to e, contradicting our hypothesis that we had an incentive compatible situation

where both types 6, and 6,, choose education level e , while type 6,, choose education e,, .

(b) If all three types choose the same education level e then all must be paid the same wage w
equal to the expected productivity, that is, w=16,, +16,, +16, . Assume that the employer
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believes that anybody who shows up with education level e # e must be of type L with
probability 1 and thus offers him/her a wage equal to 6, . The L type will be happy with

choosing e if and only if v_v—ei >0, ~ % foralle>0. Since the RHS is decreasing in e, the
L L

inequality is satisfied if and only if |Ww—— =6, |, which can also be written (since &, >0)

as |6, (w—6,)>¢e|. Since 6, > 6, > 0,, this inequality implies also that w _Hi >0, and
M

(¢) Using what we found in part (b), when 6, =1, ,, =2, 6,, =6 at a pooling equilibrium it
must be that w=46+12+11=3 and e <6, (w—-6,)=1(3-1)=2. Thus any e <2 gives rise
to a pooling equilibrium.

(d) (d.1) Let ¢, be the education level chosen by the L type and e, be the education level

chosen by the H type and assume that ¢, # e, . The easiest way to construct an equilibrium is

to assume that the employer would believe that anybody who shows up with an education
level different from these two is of type L and is thus paid a wage equal to 6, . Furthermore,

in equilibrium those who show up with education e, are paid 8, and those who show up

with education e;, are paid 8, . The incentive compatibility constraints are:
For the H type: 6,0, —e,, > 6,0, —e, Vee[a,b] (1)

For the L type: {HLHL < >0,0, - e Veela,b]\e,} ()
6,0, —e 26,0, —e, (2b)

From (2a) we get that e, = a, so that (2b) becomes
0,0, —a>0,0,-e, 3)
From (1) we get
0,0,-e,>0,0 —a (4
Thus necessary and sufficient conditions for a separating equilibrium are:
(i) ¢, =a and (ii) 6, (0, —6,)+a<e, <min{6, (6, —6,)+a,bj.
(d.2) When a=6,b=14, 6, =3, §,, =5 there is a separating equilibrium with ¢, =a =6 and
any e, such that 6, (6, —6,)+a<e, < min{&’H (6,-6,)+ a,b} , that is, 12 <e, <14 (since
b=14<06,(6,—-06,)+a=16).
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Question 4 - Answer Key

We were all pretty relieved that Ali from our first prelim got such a simple consumption
problem. Yet, we also realized that putting him into the Cobb-Douglas straightjacket
missed some features of the story. Since the overall theme of the second prelim should
be “We can do better!”, let’s also improve Ali’s consumption model. As before, write
Zq, T, Ty > 0 for the amounts of his consumption of almonds, toothpicks, and gifts,
respectively. We assume for simplicity that these goods are infinitesimally divisible. Let
r = (T4, Ty, x,). Instead of assuming a utility function of the Cobb-Douglas form, we
assume now that his utility function is given by

W(Ta, Tty y) = aln(z, — b,) + 0 In(xy — b)) + (1 —a —6) In(x, — b,)

with «,0,b; > 0, a+6 < 1 and z; — b; > 0 for ¢ € {a,t,g}. As before, his income or
wealth is denoted by w > 0. Finally, we denote by pq, p:, p; > 0 the prices of almonds,
toothpicks, and gifts, respectively, and let p = (pa, pt, Dy)-

a. Use the Kuhn-Tucker approach to derive step-by-step the Walrasian demand func-
tion z(p,w). Verify also second-order conditions.

Our optimization problem is given by max,cgs: u(z) s.t. p-ax < w. We set up the
Lagrange function

L(xg, x4, 24, \) = (1)
aln(z, —b,) +0In(x, —b) + (1 —a—0)In(x, — by) — AN(paza + prae + pgry — w)

The first-order conditions are

OL(xq, Ty, g, \) o
= —Ap, =0 2
oz, Ty — by P (2)
OL(xq, ¢, g, N) 0
= —A\p; =
e To — by pt =0 (3)
OL(xq, x4, 4, \) l—a—40
= —\p, =0 4
Ox, Ty — by Ps 4
OL(xq, T, xy, A
( 8;\ 92 = —Palaq — PiTt — Pyy+w =0 (5)
The second-order conditions are
OP?L(xq, 4,14, ) o
Z e TR o
0?L(zq, Ty, Ty, \) 0
- 7 <9 7
8:1:? (l’t — bt)2 < ( )
O*L(xq, x4, x4, \) l—a—10
R o ®)
O?L(24, ¢, Ty, N)
o =0 ©)



We conclude from second-order conditions show that first-order conditions are both
necessary and sufficient.

Next, we want to solve for Walrasian demands. As usual “many ways lead to
Rome”. I guess the simplest one is to use the fact that « + 60+ (1 —a —6) = 1.
Rearrange equations (2) to (4) to obtain

«Q
= )\ 1

Toq — bg Pa (10)

0
= A 11
Ty — bt P ( )

1l—a—46
T =\ 12
24 — b, Dy (12)
and further

a = Apo(Tq — by) (13)
9 = Apt(-ft — bt) (14)
l—a—60 = Apg(z, —by) (15)

Sum the last three equations to obtain

a+0+(1—-—a—0) = Apa(zq—ba) + Ape(xy — br) + Apy(x, — by) (16)

I = M(pPaa + pevi + pygg) — (Paba + pibs + pgby))  (17)

1
A= 18
(Paq + pray + pgfﬂg) — (Paba + pibs + pgbg) (18

Using equation (5), we can write

1
A= . 19
w — (paba + ptbt + pgbg) ( )

Rearrange equations (10) to (12), respectively, to obtain

«
a ba - 2
x v (20)
0
—bh = — 21
Ty t \Dr ( )
l—a—~6
Ty —by = Y (22)
g
and further
«Q
o = by +— 23
X +>\pa ( )
0
= b 4+ — 24
Ty : + o (24)
l1—a—10
Ty = by Ap (25)
g



Substituting (19) into these equations yields

T, = by+ ozl (26)
Da (w*(paba‘i’ptbt‘kpgbg))
0
Ty = bt + 1 (27)
pt (wf(paba‘i’ptbt‘i'pgbg))
l—a—10
Ty = by+ 041 (28)
pg <w7(paba+ptbt+pgbg))
which simply further to
«
Ta(psw) = b+ — (W — (Paba + Pebe + pyby)) (29)
0
fEt(p, w) = bt + 27 (w - (paba +ptbt +pgbg)) (30)
t
l—a—10
Tg(p,w) = by + ————(w — (paba + pibs + pgby)) (31)

Py

b. Verify that the demand function is homogenous of degree zero and satisfies Walras’
Law.

For homogeneity of degree zero, we need to show z;(yw, yp) = z;(w, p) for all v > 0,
i € {a,t,g}. But thisis obvious, e.g., z,(yw,yp) = ba—i—% (vw — (Ypaba + YPibe + Ypgby)) =
ba + % (Yw — Y(paba + pibs + pgby)) = ba + ﬁ (fw— A(paba + pibe + pgby)) =
ba + 5= (w = (Paba + pibe + pyby)) = xa(p, w) (analogously for toothpicks and gifts).

To verify Walras’ Law, we need to verify

pama(pvw) +pt$t(p, w) +pg$g(p, w) = w.

To this end, it will be helpful to write Walrasian demand functions in “expenditure
form”, i.e.,

Pala = paba + « (w - (paba + ptbt + pgbg)) (32)
Py = peby +0 (w - (paba + peby + pgbg)) (33)
Pgty = Pgbg+ (1 —a —0)(w— (paba + pibs + pyby)) (34)

Now we see that the expenditures are linear in price and wealth. For that reason
this demand system is called the Linear Expenditure System (LES).

Summing over the last equations yields

Pala + DTt + Dty = DPaba + pibe + Dby + (v + 0+ (1 — o+ 0)) (w — (Paba + pibr + pABH)
PaZa + Dt + DTy = Paba + pibe + Dby + (W — (Paba + piby + pgby)) (36)
PaTo + Pty + Pgly = W (37)



c. Provide a verbal interpretation of this demand system. (It will be helpful to consider
the demand system in its “expenditure form” by multiplying both sides of each
demand equation by its respective price.)

From the solution to the previous answer, we saw that expenditures are linear
in price and wealth. For that reason this demand system is called the Linear
Expenditure System (LES). Ali behaves as if he is committed to necessarily buy
quantities (bg, by, by) of almonds, toothpicks, and gifts, respectively, and divide his
remaining expenditure w — pb, — p:by — pyb, among almonds, toothpicks, and gifts
in fixed proportions «, 6, and 1 — a — 6, respectively.

d. You would expect that the more almonds Ali eats, the more they get stuck in his
teeth and the more toothpicks he purchases. In light of such considerations, does
it make sense to assume Ali has the utility function above? (Consider changes in
the demand for almonds and toothpicks caused by changes in the price of almonds
and changes in the parameters b, and «, respectively.)

If the price of almonds goes up, then it follows from z,(p,w) that his demand for

almonds goes down. Moreover, M = —%ba < 0. The demand of toothpicks

decreases as well, which makes at least qualitatively some sense.

If the “necessary” consumption of almonds b, goes up, then z,(p, w) also shifts up
924 (p,w)
Oba

down because

since =1- p%pa =1—a > 0. Yet, the consumption of toothpicks goes

Oxy (pvw) —
Obqg -

Similarly, if the fixed proportion of wealth that is not bound by “necessary con-
sumption” increases slightly, then z,(p,w) increases while x;(p, w) stays constant
since W = pi (w — paba — pibr — pyby) > 0 and x,(p, w) does not depend on «a.

So again, this does not make sense given the story.

—p%pa < 0, which does not make sense given the story.

e. Consider now a utility function given by
fb(xa, Lt, xg) = (xa o bOL)a(‘xt - bt)e@jg - bg)liai(;?

with ,0,b; >0, a+60 < 1, and x; — b; > 0 for all i € {a,t,g}. How is this utility
function related to the one given at the beginning of Question 47

Clearly, the utility function given at the beginning of question 4 is a monotone
transformation of the utility function given here using the logarithmus naturalis.

f. Remember that when Professor Schipper interviewed Ali about how exactly he
arrives at his optimal consumption bundle, Ali expressed ignorance about maxi-
mizing utility subject to his budget constraint. Instead, he seemed to minimize his
expenditure on consumption such that he reaches a certain level of utility. A smart
undergraduate student walked by and claimed that this is clear evidence against
the assumption of utility maximization in economics. Since Professor Schipper
likes Linear Expenditure Systems as much as Cobb-Douglas utility functions, he
conveniently sent the student to you so that you can show him how expenditure

4



minimization works. Again, use the Kuhn-Tucker approach to derive the Hicksian
demand function but use the utility function in part e instead.

Simplification: Let’s not write our fingers to the bone. Assume from now on (for
all parts f. to ¢) that Ali got rid of his girlfriend. Sure you must be sad about it but
there is clearly a tradeoff between having a girlfriend and completing successfully
and on time a prelim exam. Most important to Ali: No more gifts! Thus, we can
consider now the case of two goods, almonds and toothpicks, only. Set § =1 — «
to economize on parameters.

For the answer key, I will keep all three goods in case it is of any interest.
The expenditure minimization problem is min,cgs p - = subject to u(z) > u where
u > u(0). First, we set up the Lagrange function

L(xaa Tty Ly, )‘) = Palq + PtT¢ +pgxg —A (([L’a - ba)a(xt - bt)9($g - bg)l_a_e - ’lj)(38)

We derive first-order conditions

OL(xq, x4, g, N)

= Pa— A (2 — ba)* (2 — b)) (25— by)' %) =0 (39)

0x,
8L(%’axxtt’ ) Pe— A (T = ba)* (e — b)) (g — b)) *77) =0 (40)
OL(xq, s, g, \) (41)
Oz,
= Py — M1 —a —0) (e — ba)* (2 — b) (g — by) ") =0
Ottty d) (g (e — by — b)) =0 (42)

O\
Taking the ratio of (39) and (40) as well as (39) and (41), respectively, we obtain

Pa Oé(% - bt)
Yo _ 2t ) 43
Dt 0(.Z'a - ba) ( )
Pa a(zg — by)
La 44
Py (1—a—0)(z, —b,) (44)
We solve for z; and x4, respectively, as a function of z, to obtain
9 a\ta ba
o — PalTa=bd) (45)
QP
1- -0 a\va ba
apg

Substituting into the utility function and factoring out any variable and parameter



pertaining to almonds,

- ba)

0
J— 1_ _
Wa w0, 2y) = (20 —ba)® (Mpbau@_ bt) (( o = 0)pa(za
t

« Qapg

= (24— by)" <9p“(""”apt_ ba)>9 ((1 — o — 0)pa(z, — ba))l‘“

« Qapg

—0

+ bg - bg)

_ <Oépa(zapa— ba>>a <0Pa(9;;: ba))e ((1 - ?}ia(% _ ba)>1—a—9

R () )

Let @ = u(x,, xt, x,) and solve for z, as a function of @ and p. This is the Hicksian
demand function for almonds. So may want to denote it like in class by hq(p, @).
It is helpful to focus first on the difference x, — b,. Divide both sides of the last

« 0 1—a—0
equation by (p%) (i) (i—@) to obtain

Pt Pg

N
3
IS

To—by = —
() (8) ()
Pa Pt Pg
Similarly, we have
0 U
r—b = —
T <a>“ (ﬁy (1_a_9>1-a-9
Pa 't pg
l—a—20 U
Ty — by @ Y

S ONONC D
Pa pt Pg
Therefore, the Hicksian demand functions are
ha(p,) = - (2)° (&y e N,
a\Py Pa \ Q0 0 l—a—10 ¢
_ 0 (pa\* (P\° p et
) = o (2 () (=ty) e
(p, ) upt Q 0 1l—a—10 M

o = () () ()

g. Derive the expenditure function.

(51)

(52)

(53)

(54)

1—a—0



e(p,u) = paha(p, @) + pihi(p, @) + pghy(p, w) (58)
1—a—0
()G () )
o (uﬁ () (1) (2my) bt)
Pr \ 0 l—a—10
1—a—0 (pa\ [P\’ p, \'7
(At B () () ) e

() (5) (22)  erora-a-oy

+Daba + Db + pyby (60)
1—a—0
_ g (P (N (P
S ) @) () s

h. Show that the expenditure function is homogeneous of degree 1 in prices, strictly
increasing in u as well as nondecreasing and concave in the price of each good taken
separately.

It is easy to see that it is homogenous of degree 1 in prices, strictly increasing
in u, and nondecreasing in prices. For concavity in prices, differentiate twice the
expenditure function w.r.t. p,,

Pe(p, ) paNe 2o\ [ py T
2= -na (BT () : <0 62
op? (o= 1)z a 0 l—a—1#6 (62)
which is clearly negative since u > u(0) and o — 1 < 0 (analogous w.r.t. to p; and

Pg, Tespectively).

i. Derive Ali’s indirect utility function using the expenditure function just derived.

We know that the expenditure function and indirect utility function are inverse to
each other. Thus, from equation (61) we obtain

w — paba - ptbt - pgbg

(5)" (5)" (=)

v(w,p) = (63)

j. Verify that Ali satisfies Roy’s identity with respect to almonds.

Roy’s identity with respect to almonds reads

avép,w)
Ta(p,w) = =500 (64)
ow



o ((2)7 ()" (25) ") = (0= pab— b — b ()7 (5)° () T 2
()" ()" () ")

—ba ((%)a (%)’ (1_?_9)1_%9) — (W — Paba — pibr — pyby) (B2) 1 (22) () ()

() () () ™)

—bg — (W — paba — piby — pgbg) (pa)

- 99 Lo (66)
a rp\? g 1—a—06
(%) (%) (3=)
dv(p, w) 1
) - (67)
a p\0 1—a—0
w (%) (%) (=)
Hence,

81)8(1;,10) o

- av(ii’w) = by + —(w — paby — pibe — pyby) (68)
Tow a

= xa(pa w) (69)

. Verify the (own price) Slutsky equation for the example of almonds.

We need to verify

Oha(p, )  Oza(p,w)  Oza(p,w)

o op + 9 Zq(p,w) (70)

for @ = v(p,w). Focus first on the left-hand side. Taking the partial derivative of



Hicksian demand for almonds w.r.t. to p, yields

ot s () () (=) ) o

Since @ = v(p, w),

Oha(p,u

v it o () (%) () )
B ) () e ) i
«
- (w - paba - ptbt - pgbg)Z?(a - 1) (78)
Now turn to the right-hand side.
0z, (p, w « «
% = _E(w - paba - ptbt _pgbg) - _ba (79)
0z, (p, w o
T - o (80)
Thus,
0x,(p,w Q Q
%xtxpu U)) = ]? (ba + —(’LU - paba - ptbt - pgbg)> (81)
2
o o
= p_aba + E(w - paba - ptbt - pgbg) (82>
Adding (79) and (82) yields
0z4(p,w) | 0x4(p,w) o o
a\ls = — - aba_ by — pyb __ba 83
., + ow o (P, w) pg(w P pebe — pgby) " (83)
2
« «
+_ba + p_Q(w - paba - ptbt - pgbg)
a? —a
- 2 (w - paba - ptbt - pgbg) (84)

a



This finishes verifying the Slutsky equation.

. Because of the drought, the price of almonds changes from p? to pl. The newly
hired Senior Vice Provost for Crocodile Welfare at UC Davis is eager to prove
his usefulness by offering Ali to sacrifice part of his income in return to continue
offering almonds from campus at the old price p2. Ali is not too excited but likes
to find out more about the proposal, in particular about how much income he
would be willing to sacrifice in return. He plans to turn to Professor Schipper for
advice on the exact income deduction that would make him indifferent between
accepting this deduction or the higher price of almonds. Unfortunately, Professor
Schipper is away in Europe. Luckily the arboretum is buzzing with first year econ
PhD students rehearsing microeconomics. So he approaches you to calculate the
amount. Help him!

Essentially the problem asks for the Equivalent Variation. It is a measure of change
of welfare of a consumer due to a price change. It measures in units of wealth the
amount Ali would just be willing to sacrifice in lieu of the price increase.

Let p° = (00, p1,19): P = (Pa:Pispg), w* = v(p’,w) and u' = v(p',w). The
Equivalent Variation is defined by

EV(p",p',w) = e(p” u') —e(p’, u") (85)

Since Ali spends his entire wealth in the expenditure minimizing consumption bun-
dle, i.e., e(p®, u’) = w, we have

EV(°,p' w) = e(p’,u') —w (86)
We compute
pO @ Dy 0 p 1—a—0
1 1 a
e(p’,u') = wu (;) (E) (ﬁ) + P24 + pibe + pyby (87)
=t () () () e bty (59
- a 9) \1—a—¢ Poba + pibi + pgby
= w—piba_ptbt_pgbg (p_g)a (&>9 (p—g)l—a—e
N\ +\0 g 1—a—0 —
(2)" () (=) o) \o) \T=a=3
+p2ba +ptbt +pgbg (89)
(%)
— <;>a (w - pcllba - ptbt - pgbg) + pgba + ptbt —+ pgbg (90)
AN
= (p—j) (w — paba — pibe — Pyby) + P2ba + pibe + pyby (91)

10



Thus,

EV(°,pliw) =
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