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Question 3 (20 points)

Consider the social planner’s problem for a simple real business cycle model. The
household values consumption (C) and leisure (1−N , where N is hours worked) and
lifetime utility is given by:

E0

∞∑
t=0

βt (lnCt −ΘNt) (1)

Output, Y , is produced using capital K and labor (hours) N

Yt = AtK
α
t N

1−α
t (2)

At is a TFP shock and is governed by a discrete state Markov chain. Capital evolves
according to the following law of motion:

Kt+1 = (1− δ)Kt + StIt (3)

where I is investment. Note that one unit of investment does not necessarily translate
into one unit of capital because of the term St. Assume that St is stochastic and St is
also governed by a discrete state Markov chain. Let’s refer to this as an “investment
shock” since it affects the marginal efficiency of investment. Initially assume 0 < δ ≤ 1.

There is no trend growth. Finally,

Yt = Ct + It

a) Write down the recursive formulation of the planner’s problem.

Answer:

V (Kt, At, St) = max
Kt+1,Ct,Nt

{
ln (Ct)−ΘNt + βEtV (Kt+1, At+1, St+1) (4)

λt

(
AtK

α
t N

1−α
t − Ct −

Kt+1

St

+ (1− δ)
Kt

St

)}
(5)

b) Derive all the first order conditions.

Answer: FOCs:
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[Kt+1] − λt
St

+ βEt
∂V (Kt+1, At+1, St+1)

∂Kt+1

= 0 (6)

[Nt] Θ =
(1− α)Yt

Nt

λt (7)

[Ct] λt =
1

Ct

(8)

∂V (Kt, At, St)

∂Kt

= λt

(
αYt/Kt +

1− δ

St

)
(9)

Which implies

1

CtSt

= βEt

[
αYt+1/Kt+1 +

1−δ
St+1

Ct+1

]
(10)

c) Assume full depreciation so δ = 1. Using guess and verify, find the policy
functions for consumption Ct, hours Nt, investment It and capital tomorrow Kt+1

(Hint: as usual, start by guessing that consumption is a constant share of output.
Also note that St complicates the implied guess for the policy function for Kt+1).

Answer

Let’s use the guess Ct = (1−B)Yt.

First, inspect the first order condition for hours worked and use the first order
condition for consumption. The labor supply condition can be written as

Nt =
(1− α)Yt

ΘCt

=
(1− α)Yt
Θ(1−B)Yt

=
(1− α)

Θ(1−B)

Hours worked are constant.

Note that the guess implies
It = BYt

from the resource constraint and

Kt+1 = StBYt

from the capital law of motion.

Substituting these conditions into the consumption Euler equation and solving
yields:

B = βα

This leads to:

N̄ =
(1− α)

Θ(1− αβ)
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Ct = (1− αβ)AtK
α
t N̄

1−α

It = αβAtK
α
t N̄

1−α

Kt+1 = αβStAtK
α
t N̄

1−α

Output, consumption and investment are affected by St in the next period, but do
not respond to St shocks on impact. To see this you can use the policy function for
capital again:

Yt = At (αβSt−1Yt−1)
α N̄1−α

Ct = (1− αβ)At (αβSt−1Yt−1)
α N̄1−α

It = αβAt (αβSt−1Yt−1)
α N̄1−α

d) Compare the business cycle properties implied by the TFP shock, At, and the
investment shock St. Explain the economic intuition for these results.

Key points

• TFP shocks lead to an increase in output, consumption and investment, as in
the data. In this model, there is no movement in hours worked. Note that when
δ = 1, the income and substitution effects cancel out and labor supply is constant.

• For the TFP shock intuition, the answer should briefly touch on the main mech-
anisms outlined in the lecture notes, the answer keys to problem sets and the
class exams.

• The investment shock makes investment more productive, so one unit of invest-
ment (savings) generates a larger amount of capital. This generates an incentive
to accumulate more capital. That said, with δ = 1 there is a constant invest-
ment rate, αβ. Still, for a given amount of savings/investment, more capital
is created (if δ < 1 investment would increase at the expense of consumption,
and labor supply would rise). In the next period this leads to more produc-
tion. Because δ = 1 implies a constant investment rate, higher GDP translates
into higher consumption and investment. Unlike the TFP shock, the investment
shock with δ = 1 cannot generate contemporaneous co-movement of output, con-
sumption and investment. With a one period lag, however, it can generate these
co-movements.

e) If δ < 1 briefly explain how you would solve this model computationally using
value function iteration. Give one advantage of this method.
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Sketch Answer

Provide a brief summary of the steps we studied in class using Matlab: setting up
the problem recursively, discretizing the state space (for the state variables (K,A, S)),
centering things around the deterministic steady state, choosing functional forms and
calibrating the parameters model. Set up the value function as a vector of optimal
utility values for each realization of the state variables (e.g. each (K,A, S)). Make an
initial guess of the value function e.g. all zeros. Plug this into the Bellman equation
and find a new value function. Check convergence. Once we have the value function
we can find the optimal choices given the states today, this calculation gives us the
policy functions for the control variables. Advantages include: we can find the global
non-linear solution, so we can handle model non-linearities. The method is also very
reliable and relatively general conditions ensure convergence.
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Question 4 (20 points)

In recent years there has been much discussion about the role of firm market power
in macroeconomics. This question considers the economic consequences of a temporary
(but persistent) rise in market power in the New Keynesian model.

There are a continuum of identical households and the representative household
makes consumption (C) and labor supply (N) decisions to maximize lifetime expected
utility. In linearized form, the household’s Euler equation is:

Etĉt+1 − ĉt =
1

σ
(̂it − Etπ̂t+1) (11)

and their labor supply condition is given by:

ŵt = σĉt + ψn̂t (12)

The production structure of the model is similar to the standard New Keynesian
environment. Monopolistically competitive intermediate goods firms produce an inter-
mediate good of variety j using labor. Final goods firms purchase intermediate goods
and transform them into a composite final good using a CES production function:

Yt =

(∫ 1

0

yt(j)
ϵt−1
ϵt dj

) ϵt
ϵt−1

(13)

The main difference from the baseline model is that there is now exogenous time
variation in the degree of market power. Specifically, let’s capture this by allowing
the elasticity of substitution between varieties, ϵt, to be time varying. Recall, in the
standard model the steady state price markup would be constant and equal to ϵ

ϵ−1
.

In this model, we are now allowing for some exogenous variation in this markup over
time. Let’s refer to this as a “markup shock”, denoted by µt =

ϵt
ϵt−1

.

In linearized form, the equilibrium conditions for firms are:

ŷt = n̂t (14)

ŵt = m̂ct (15)

π̂t = βEt(π̂t+1) + λm̂ct + λµ̂t (16)

The resource constraint is:
ŷt = ĉt (17)

Monetary policy follows a simple Taylor Rule:

ît = ϕππ̂t (18)
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The markup shock in percentage deviations from steady state, µ̂t, evolves:

µ̂t = ρµ̂t−1 + et (19)

where et is i.i.d. and 0 < ρ < 1. In percentage deviations from steady state: m̂ct is
real marginal cost, µ̂t is the markup shock, ĉt is consumption, ŵt is the real wage, n̂t is
hours worked, ŷt is output. In deviations from steady state: ît is the nominal interest
rate, π̂t is inflation. λ is a function of model parameters, including the degree of price
stickiness.1 Assume that ϕπ > 1, σ > 0 and ψ > 0.

a) The efficient level of output (in percentage deviations from steady state) is defined
as the level of output that would occur under flexible prices and with no time-varying
distortions, i.e. when µ̂t = 0. Show that the efficient level of output (in percentage
deviations from steady state) is equal to zero:

ŷet = 0 (20)

Answer

The key is to note that the efficient level of output occurs under flexible prices and
no distortionary shocks. This means m̂ct = 0 and µ̂t = 0. Using these assumptions,
ŵt = 0. Also use the production function and the resource constraint in the labor
supply condition:

0 = σŷet + ψŷet

which implies:

ŷet = 0

b) Now define the (welfare relevant) output gap, x̂t, as the deviation of output, ŷt,
from the efficient level of output ŷet . Show that this model can be written in terms of
three equations:

Etx̂t+1 − x̂t =
1

σ
(̂it − Etπ̂t+1) (21)

π̂t = βEt(π̂t+1) + λ(σ + ψ)x̂t + λµ̂t (22)

ît = ϕππ̂t (23)

together with the stochastic process for µ̂t. (Hint: Note that since ŷet = 0, this also
implies x̂t = ŷt in this model).

Answer

1λ = (1−θ)(1−βθ)
θ where θ is the probability that a firm cannot adjust its price and 0 ≤ θ < 1.
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Substitute the resource constraint, equation 17, into the Euler equation, equation
11, and make use of the result that x̂t = ŷt. This produces the first equation above.

Next, equate the labor supply equation, equation 12, with equation 15 and use
equation 17 and equation 14. This produces:

m̂ct = (σ + ψ)ŷt

Finally note that x̂t = ŷt. Substitute this back into the Phillips Curve, equation 16.
This produces the second equation above. The third equation is already the Taylor
Rule given.

c) Using the method of undetermined coefficients, find the response of the output
gap, x̂t, and inflation to an exogenous increase in µ̂t. To do this, guess that the solution
for each variable is a linear function of the shock µ̂t.

Answer

Note that λµ̂t looks just like a standard cost-push shock, what we called ut in the
lectures. Let’s guess that the solution is of the form:

x̂t = Λxµ̂t

π̂t = Λπµ̂t

The steps are exactly the same as in the technology shock example in problem set
8. We substitute the Taylor Rule into the IS curve (equation 21) and substitute the
guesses into the IS curve and the New Keynesian Phillips Curve (equation 22). We
also make use of the stochastic process for µ̂t.

This yields the following results for the unknown coefficients:

Λπ = λ
(1− ρ)σ

σ(1− ρ)(1− βρ) + κ(ϕπ − ρ)
> 0 (24)

Λx = λ
ρ− ϕπ

σ(1− ρ)(1− βρ) + κ(ϕπ − ρ)
< 0 (25)

d) Find the solution for the response of interest rates in this model. Explain the
economic intuition for the response of inflation, output and interest rates to a positive
markup shock in this model.

Answer

Substitute the solution for inflation into the policy rule:

ît = ϕπλ
(1− ρ)σ

σ(1− ρ)(1− βρ) + κ(ϕπ − ρ)
> 0
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Interest rates have to rise to control inflation. The welfare relevant output gap, x̂t
falls, whereas inflation rises.

The intuition can be summarized as follows. The markup shock raises the degree of
monopolistic distortions. Firms would like to increase price and lower output. If prices
were flexible, the natural rate of output would fall (and fall below the efficient level).
With sticky prices, some firms raise price and inflation rises. Firms that can’t raise
price won’t see output fall by as much as would be the case under flexible prices. Actual
output is therefore above the natural rate of output (this is the source of the trade-
off because this concept of the output gap is actually positive, so if the policymaker
tried to set x̂t to zero the inflation outcome would be even worse). The central bank
has to raise interest rates to deal with higher inflation, as dictated by the policy rule.
Higher nominal interest rates will lead to higher real interest rates which discourage
consumption and lowers demand further. This disinflationary effect partially offsets
the inflationary forces. With a very aggressive policy response, the effect on inflation
could be offset, and output would fall by more. This, of course, would be accompanied
by a much more negative value for x̂t.

e) Now suppose that, instead of following the simple Taylor Rule above, we choose
x̂t and π̂t to maximize welfare under discretionary policy. As usual, the period losses
are given by π̂2

t + ϑx̂2t and assume the steady state is efficient. Is it possible to fully
stabilize inflation and the output gap (x̂t) with optimal policy? Explain. You do not
necessarily need to derive anything, answer using your economic intuition.

Answer

Discretionary policy means you can only choose outcomes for output and inflation
today. Notice that the loss function would be minimized each period if x̂t = π̂t = 0. But
when µ̂t > 0 the Phillips Curve shows that x̂t = 0 and µ̂t > 0 is inconsistent with π̂t = 0.
This markup shock prevents the policymaker from simultaneously stabilizing the output
gap and inflation. There is a “trade-off”. The policymaker dislikes deviations in both
variables, so the optimal policy will generate a balanced outcome with x̂t < 0 and
π̂t > 0, where the precise weights depend on ϑ (and the other parameters of the
model). More detail can be found in the slides for Topic 10.
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