Reconciling Macroeconomics and Finance for the U.S.

Corporate Sector: 1929 - Present®

Andrew Atkeson Jonathan Heathcote Fabrizio Perri
UCLA Federal Reserve Bank of Minneapolis

June 2024

Abstract

We examine how to reconcile, quantitatively, the high volatility of market valuations of
U.S. corporations with the relative stability of macroeconomic quantities over the pe-
riod 1929-present. We use a stochastic growth model extended to incorporate factorless
income as a measurement framework to investigate this apparent tension. Macroeco-
nomic and financial variables are measured in a consistent fashion using the Integrated
Macroeconomic Accounts of the United States, which offer a unified data set for the
income statement, cash flows, and balance sheet of the U.S. Corporate Sector. We
argue that fluctuations in expected cash flows to firm owners have been the dominant
driver of fluctuations in the market value of U.S. corporation. We show that relatively
modest shocks to expected future cash flows can account for the history of corporate
valuations from 1929 to 2023, without appealing to fluctuations in discount rates. Fur-
ther evidence in support of this hypothesis is that payout-price ratios in our data do in
fact forecast growth of future cash flows to owners of firms. In particular, they forecast
changes in the fraction of corporate output flowing to owners of firms. The time path
for the after-tax return to investment in capital that we infer from our model tracks
the risk free interest rate fairly closely, at least in the period after World War II. In this
sense, our model offers a reconciliation of volatile market valuations and stable capital
output ratios.
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1 Introduction

How can the volatile valuations of equity claims to U.S. public corporations be reconciled
with the relatively smooth evolution of most macroeconomic variables observed in data from
the National Income and Product Accounts (NIPA)?

The development of a unified data set known as the Integrated Macroeconomic Accounts
(henceforth IMA) offers the opportunity to make progress towards an answer to this question.
This IMA data set is developed as a joint project between the Bureau of Economic Analysis
and the Federal Reserve Board. It combines NIPA data on macroeconomic flows and stocks
with comprehensive data on financial flows and balance sheets with equity measured at
market value drawn from the Financial Accounts of the United States.! What results from
this accounting exercise is a coherent set of income statements, cash flow statements, and
market value balance sheets for major sectors of the U.S. economy. In this paper, we focus
on these data for the U.S. corporate sector.

We use these IMA data together with a simple variant of the stochastic growth model
modified to include factorless income to provide a reconciliation of the volatility of market
valuations of U.S. corporations with the relative stability of most macroeconomic aggregates
over the period 1929 through 2023.

In particular, we use these IMA data and our model to address three questions.

First, do these IMA data offer a picture of the returns to claims to the U.S. corporate
sector and the volatility of the valuation of the firms in that sector in line with the data on
public firms available from the Center for Research in Security Prices (CRSP) and Compustat
databases? In the first part of this paper, we argue that the answer to this question is yes.

Second, do these IMA data shed new light on the drivers of the volatility of the market
valuation of U.S. corporations over the past 100 years in comparison with previous results
found with data on public firms? Again, we argue that the answer to this question is yes.
We present a simple valuation model to document that there is ample volatility in cash
flows to firm owners in the IMA data to account for the volatility of corporate valuations
without resorting to time-varying discount rates. Moreover, in an exercise echoing prior
results by Larraine and Yogo (2008), we find that Campbell-Shiller regressions conducted
with these data are consistent with the hypothesis that cash flow to price ratios forecast
growth in future cash flows, as they should if changing expectations of future cash flows are
the primary driver of changes in aggregate valuation ratios. We find, however, that cash flow
to price ratios primarily forecast growth in the share of corporate value added flowing to

owners of firms rather than growth in corporate value added overall. In this sense we echo

!The Financial Accounts of the United States produced by the Federal Reserve were formerly known as
the Flow of Funds. See Cagetti et al. (2013) for an introduction to the construction of these data.



prior results by Greenwald, Lettau, and Ludvigson (2023).

Third, are the volatile market valuations of U.S. corporations consistent with the stable
ratio of the replacement cost of capital to output in the corporate sector that is observed in
the data after World War 117 Our answer here is a qualified yes. The key driver of volatility
in valuations in our model is time variation in the current and expected cash flow to firm
owners is “factorless”, in that it accrues neither to labor nor to capital. Shocks to factorless
income do not translate into large changes in the expected return to investing in capital.
Thus, the shocks that replicate the observed large changes in valuations in our model do not
translate into counterfactually high investment volatility.

At the same time, our model does generate a fairly steadily downward trend in the
expected return to capital in the post World War II period, of a similar magnitude to the
observed decline in safe interest rates. In contrast, in the period from 1929 through World War
IT we find large movements in the ratio of measured capital to output and large movements
in the model-implied returns to investment in measured capital that require further research
to resolve.

The paper is organized as follows.

In Section 2, we place our work in context of a large prior literature on this topic.

In Section 3, we use the IMA data to construct measures of cash flows to firm owners
and firms valuation consistent with the definition of these concepts in a standard stochastic
growth model. We refer to our measure of cash flows as Free Cash Flow from operations and
define it as gross value added less Taxes less Compensation of Employees less Investment
Expenditures. We refer to our measure of firm value as Enterprise Value and define it as the
sum of the Market Value of Equity and Liabilities less Financial Assets.

We show the evolution of these series in Figure 1 and display their relationship to alter-
native cash flow and valuation measures, including alternative aggregates from Compustat
data for public firms in further figures in that section. We then demonstrate that the realized
annual returns for the U.S. corporate sector over the period 1929-present constructed using
these measures of free cash flow and enterprise value look remarkably similar to measures of
returns obtained from the CRSP Value-Weighted Total Stock Market Index in Table 1 and
Figure 4. Based on these observations we argue that the IMA are a useful unified data set
for macrofinance.

We then turn to our second question of whether these IMA data shed new light on the
role of fluctuations in expected cash flows in driving the volatility of the market valuations of
U.S. corporations. First, we observe that one of the most striking features of these IMA data
is that the free cash flows to owners of firms are extremely volatile as a fraction of output for

the U.S. corporate sector. As shown in Figure 1, cash flows to owners of U.S. corporations as



a ratio to corporate output follow a pronounced U-shape over the period 1929-2023, falling
from roughly 14% to 6% of after tax gross value added between 1929 and World War IT and
rising from 6% to roughly 14% of after-tax output again from the late 1990’s to 2023. The
ratio of the market value of U.S. corporations to corporate sector output follows a similar
U-shaped pattern over this time period. As shown in Figure 2, it is clearly evident that a
large portion of the observed swings in the market valuation of U.S. corporations over the
1929-2023 time period can be “accounted” for, in a mechanical sense, by the fall and then
rise in cash flows to owners of these corporations when valued at a constant dividend-price
ratio. Based on these data, it is no surprise that the U.S. stock market has boomed over the
past 20 years — cash flows to owners of U.S. corporations have boomed proportionately.

At the same time, it is also clear in these data that the ratio of free cash flow to enterprise
value —i.e., the growth-model-consistent dividend-price ratio— has also fluctuated a great deal
over the past century (Figure 2). A full accounting of the drivers of fluctuations in the market
valuation of U.S. corporations must also account for what drives aggregate ratios of cash flows
to value. Is it fluctuations in investors’ expectations of future cash flows? Or fluctuations in
the rate of return that investors demand to hold claims against the corporate sector?

Campbell-Shiller (CS) regressions are widely used to address these questions.” In Section
4, we run CS regressions with IMA data and find very different results than those found with
public firm data. In particular, as shown in Table 2, CS regression results with IMA data
favor the hypothesis that fluctuations in investors’ expectations of future cash flows drive
a substantial part of observed fluctuations in aggregate dividend-price ratios. We find in
particular that the payout to price ratio for the U.S. corporate sector predicts growth in the
ratio of free cash flow to corporate output and not growth in corporate output.

In Section 5 we build a macrofinance model that we can use as a quantitative theoreti-
cal framework to connect standard macroeconomic flows and stock to financial measures of
valuations and returns. We combine the production side of a stochastic growth model as our
model of output and incomes for workers and owners of the U.S. corporate sector with an
exogenous specification of the pricing kernel used to value cash flows and guide investment
in measured capital.

The key modification we make relative to the most basic stochastic growth model is
that we assume that firms face a time-varying wedge between total revenue and total costs
that leads to a pure rent for firm owners that we refer to as factorless income following

Karabarbounis and Neiman (2019). The valuation of this factorless income drives a gap in

°In the literature, these regressions are typically run using index number data on price per share and
dividends per share which look very different from the IMA data on aggregate cash flows and valuations.
See Campbell and Shiller (1988). We discuss reasons for the discrepancy between these results with different
data sets in a companion paper Atkeson, Heathcote, and Perri (2024).



the model between the enterprise value of the corporate sector and the stock of measured
capital held by firms in that sector. The model also features an explicit model of corporate
and value-added taxes, which have important time-varying impacts on after-tax cash flows
and valuations.

We use the model to guide our division in the data of free cash flow into a portion that is
compensation to owners of the measured capital in the corporate sector and the remainder
which corresponds to after-tax factorless income. Similarly, we can use the model to divide
the data on enterprise value into components reflecting present values of these two sources
of cash flow.

We present that decomposition of the valuation of U.S. corporations in Figure 10. What
is striking here is that, in the time period from 1929 to World War II, the large fluctuations
in the value of U.S. corporations in this time period appear to be accounted for primarily by
fluctuations in the capital output ratio, just as one would expect in the simplest stochastic
growth model. In contrast, over the long time period from World War II to the present,
fluctuations the value of U.S. corporations appear to be accounted for almost entirely by
fluctuations in the value of factorless income, with the measured capital to output ratio
being remarkably stable.

When we partition free cash flow between income to capital and factorless income, we see
that the decline in free cash flow in the early decades of our sample entirely reflects declining
free cash flow to capital, while the rise in the post 2000 period entirely reflects a rise in free
cash flow associated with factorless income (see Figure 8).

In Section 6 we develop formulas to value expected future factorless income. We use these
formulas to ask whether it is possible to account for the level and volatility of observed market
valuations of U.S. corporations based on a specification of our pricing kernel in which all risk
premia are constant over time. This accounting exercise is in the spirit of the calculations in
Shiller (1981) and Campbell and Shiller (1987).

In our valuation model, the marginal impact of a shock to the expected value of factorless
income in the long-run on the current valuation of factorless income is determined by the
discount rate for a claim to aggregate output of the corporate sector and not by the discount
rate for a claim to corporate equity. If this discount rate is low, shocks to the long run
expected value of factorless income have a powerful impact on current valuations of corporate
equity, and one can therefore account for the volatility of the aggregate dividend-price ratio
for U.S. corporations based on small fluctuations in investors’ expectations of the long run

share of factorless income.?

3Lustig, Van Nieuwerburgh, and Verdelhan (2013) argue that the price-dividend ratio for a claim to
aggregate output (the inverse of the discount rate) is quite high, perhaps 50 or 80 or even more. Since a
claim to future fiscal primary surpluses is similar to a claim to factorless income in that its payoff is a stochastic



In Section 7 we ask whether our model can account for the smooth evolution of the stock
of measured corporate capital relative to output, notwithstanding large fluctuations in the
enterprise value of the corporate sector. We find that it does, at least in the data since World
War II. The reason is that the shocks to current and expected factorless income that are the
main driver of changes in valuations do not generate large fluctuations in the expected return
to capital, and thus in incentives for firms to change investment.

In Figure 16 we show the model’s implications for the gap between the expected return to
investment in physical capital and a short-term riskless rate. We see that this expected excess
return to investment in measured capital is fairly steady around 5 percentage points, with
exceptions for the period in the early 1980’s and in 2022 and in the period prior to World War
IT. In Figure 14 we show our model’s implications for the level of the expected after-tax return
to investment in measured capital. We see that our model accounting is consistent with the
view that the expected returns to capital have been falling in recent decades. This reflects a
combination of a rising depreciation rate for physical capital coupled with a declining share
of income accruing to owners of capital. However, these two return-reducing factors are
partially offset by declining corporate income tax rates.

Finally, in Section 8, we conclude. We provide a full description of the data we use as

well as alternative graphs and our model of the pricing kernel in the Appendix.

2 Related Literature

A full reconciliation of macroeconomics and finance would achieve, at a minimum, three

objectives:

1. a general equilibrium theory of the pricing kernel consistent with the asset prices con-

fronting households as they make their consumption and savings decisions,
2. an accounting for the volatility of market valuations of U.S. corporations, and

3. an accounting for the observed investment /capital stock decisions of U.S. corporations

given those asset prices.

There is a huge literature in macro-finance aimed at the first point. In particular, following

Lucas (1978), this literature aims to develop models of the marginal utility of the marginal

share of aggregate output, those such as Blanchard (2019) who argue that high levels of government debt can
be sustained with expectations of small changes in future primary surpluses are implicitly arguing that the
price dividend ratio for a claim to aggregate output is quite high, even infinite. See also Abel and Panageas
(2022) for an exposition of this point in a model economy with capital.



investor to resolve the equity premium puzzle of Mehra and Prescott (1985), manifest here
as the high unconditional average rate of return observed on claims on the corporate sector
in both the public firm and IMA data. We do not attempt such an economic model of the
marginal investor. We leave such modeling to future work.*

Instead, we build a slightly modified stochastic growth model to use as an accounting
framework to address the second and third objectives above, taking a model of the pricing
kernel as given. That is, we aim to simultaneously account for the observed fluctuations
in the value of U.S. corporations year-by-year since 1929 and for measured U.S. corporate
holdings of capital and investment in capital over this time period.

As discussed in Gomme, Ravikumar, and Rupert (2011) and as implied by the work of
Tobin (1969), one of the challenges to accounting for the volatility of market valuations and
returns of U.S. corporations together with the relatively smooth data on measured capital-
output ratios and accounting returns to capital in a standard stochastic growth model is that
in such a model the value of firms is always equal to the value of their installed capital. In
our model, this link is broken by the introduction of factorless income and considerations of
corporate taxation.

In contrast, much of the macro-finance literature aimed at the second and third objec-
tives above has taken a different approach, relying on time-variation in the risk premium on
investment in the capital stock or adjustment costs for that investment to reconcile the high
volatility of corporate valuations and the relatively smooth evolution of the stock of measured
capital. Jermann (1998), Gourio (2012), [lut and Schneider (2014), Basu and Bundick (2017),
Hall (2017), Cambell, Pflueger, and Viceira (2020), and Basu et al. (2023) are examples of
stochastic growth models with time-varying risk premia on capital arising from a variety of
different sources. See also Cochrane (1991), Merz and Yashiv (2007), Philippon (2009), and
Jermann (2010).

We depart from this literature in accounting for the volatility of corporate valuations
based on a model of fluctuations in expected cash flows to owners of firms rather than
variation in discount rates.” To provide such an accounting, our model combines two key
ingredients. First, we include a time-varying wedge between corporate revenue and costs

associated with measured capital and labor that generates that we call factorless income

4Tallarini (2000) and Kaltenbrunner and Loechster (2010) are important papers showing how to reconcile
standard business cycle fluctuations with a high equity premium in standard stochastic growth models with
a representative agent with recursive preferences. These models have an advantage of being fairly tractable
using standard approximation techniques. We conjecture that incorporation of shocks to factorless income in
models such as these might be a fruitful avenue for developing fully equilibrium macrofinance models, albeit
with constant risk premia over time.

SWe pursue this theme further in a companion paper Atkeson, Heathcote, and Perri (2024) that models
the volatility of stock prices based on fluctuations in expected cash flows using CRSP data on price per share
and dividends per share.



following Karabarbounis and Neiman (2019). Second, we use a model of the impact of rates
of return and taxes on the cash flow to owners of capital and the valuation of that cash flow
based on the framework of Hall and Jorgenson (1967). We model taxes in a similar way
to Gravelle (1994), Gravelle (2006), and Barro and Furman (2018). As in McGrattan and
Prescott (2005) and McGrattan (2023) we find that taxes play an important role in shaping
our model’s implications for the valuation of and marginal returns to measured capital.

In our accounting of the data since World War II, the high volatility in the valuation
of U.S. corporations is driven primarily by shifts in investors’ expectations of the share of
factorless income in corporate output in the long run. Investment in measured capital, on
the other hand, is driven by more near-term considerations such as one-year interest rates,
growth rates, corporate tax rates, depreciation rates, and changes in the relative price of
capital goods. Thus, investment and measures of Tobin’s Q are only weakly connected in
our model (see Abel and Eberly (2012) for a related argument).

In that vein, our accounting for the stability of the ratio of physical capital to output in
the face of falling risk free interest rates, changing tax rates, and rising depreciation rates in
the past several decades is related to that in Gutiérrez and Philippon (2017). That is, on the
one hand, a declining share of income accruing to physical capital coupled with higher average
depreciation have been important forces tending to depress investment. But these forces in
our accounting have been offset by declining corporate tax rates and declining expected out-
put growth, which in our valuation framework translates to lower required expected returns
to all assets. Thus, we see this stable capital to output outcome as largely coincidental. In
particular, we note that we do see large changes in the ratio of measured capital to corporate
gross value added in the data prior to World War II. Moreover, these large changes in the
capital-output ratio accounted for large changes in both the ratios of enterprise value and
free cash flow to gross value added in that time period.

Our focus on shocks to current and future factorless income is closely related to the ar-
guments of Lustig and Van Nieuwerburgh (2008) and Greenwald, Lettau, and Ludvigson
(2023) that shocks to the distribution of income between workers and owners of firms have
been an important driver of fluctuations in the valuation of U.S. corporations. Our principal
contribution relative to these papers is to add consideration of physical capital and invest-
ment. We follow a large recent literature in macro-finance that builds on these ideas. See,
for example, Caballero, Farhi, and Gourinchas (2017), Farhi and Gourio (2018), Crouzet and
Eberly (2018), Philippon (2019), Eggertsson, Robbins, and Wold (2021), and Crouzet and
Eberly (2023). With the notable exception of Crouzet and Eberly (2023), these papers do

6We note that our findings about the volatility of cash flows to owners of U.S. corporations differ from
the findings in Hall (2003). We believe that this is due to our use of free cash flow rather than EBITDA and
to the time periods considered.



not account year-by-year for both corporate valuations and changes in capital investment
over a long time period.

In building our accounting model, we make the stark assumption that the production
function relating measured capital and labor to aggregate output has remained stable over
the past 100 years. It is this assumption that allows us, through the model, to measure the
share of factorless income in corporate gross value added year-by-year from data on tax rates
and the share of labor compensation in corporate gross value added. Given these estimates
of the share of factorless income and our model of the production function, we can then
compute the rental rate on measured capital, the share of rental income on measured capital
in corporate gross value added, and the pre- and post-tax returns to physical capital implied
by the data as interpreted through our model. We evaluate our model’s fit to the data on
investment and capital stocks based on a comparison of these model-based estimates of the
post-tax returns to physical capital to risk free interest rates plus a constant risk premium on
measured capital. That is, we ask whether our model’s implications for the post-tax returns
to measured capital are consistent with observed risk-free interest rates plus a constant risk
premium.

In this regard, our work is closely related to recent work by Barkai (2020) and Karabar-
bounis and Neiman (2019) who both use a Hall and Jorgenson (1967) style measurement
framework to estimate the rental rate on measured capital and the corresponding share of
rental income on measured capital in gross value added. This prior work differs from ours in
that it starts with data on risk free rates and an estimate of the risk premium on capital to
estimate the rental rate on measured capital without imposing restrictions on the production
function. If the specification of our model is correct (and measurement is without error) then
the estimates of rental income on measured capital obtained from our framework and their
framework should coincide. It appears that our results do roughly coincide for the period
after the late 1980’s. Prior to 1980 there is a discrepancy between our results and those of
Karabarbounis and Neiman (2019) regarding returns to capital and the amount of factorless
income. We aim to explore this discrepancy in greater detail in future work.

In the data, as noted by Gomme, Ravikumar, and Rupert (2015), Reis (2022), Harper and
Retus (2022), and others, the accounting returns to capital in the corporate sector (measured
by the ratio of Net Operating Surplus pre and post tax to installed capital) have remained
remarkably constant since at least 1960, even as measures of the risk free interest rates have
fallen quite sharply. Our accounting model is consistent with these accounting returns data.
And yet we find a falling return to measured capital in recent decades, a fall of similar
magnitude to the decline in risk free rates. In fact, we find that in recent years, the return

to measured capital is falling close to the threshold for dynamic inefficiency of Abel et al.



(1989). In our model, these differential trends between accounting returns and true returns to
capital emerge because only a (declining) portion of Net Operating Surplus is compensation
of measured capital, while the remaining (rising) portion contributes to factorless income.
Once we differentiate appropriately between free cash flow to physical capital and free cash
flow associated with factorless income, we find that expected returns to all assets appear to
declining over time, and at similar rates.

In our measurement, we have abstracted from the role of unmeasured intangible capital
in accounting for fluctuations in the value of the U.S. corporate sector. Many papers consider
the role of unmeasured intangible capital in driving the boom in the market valuation of U.S.
firms in recent decades. See, for example, Hall (2001), McGrattan and Prescott (2010) and
Crouzet et al. (2022). Eisfeldt and Papanikolaou (2014), Belo et al. (2022), Eisfeldt, Kim,
and Papanikolaou (2022) and the papers cited therein argue that measured of intangible
capital drawn from firms’ accounting statements that is not included in the National Income
and Product Accounts help account for the valuation of firms in the cross section. We see
this as a fruitful avenue for future research, but we see two hurdles that should be overcome
in developing this hypothesis.

First, the aggregate data cited in Corrado et al. (2022) are not favorable to the hypotheses
that changes in the stock of unmeasured capital have contributed importantly to fluctuations
in the value of the U.S. corporate sector because these data exhibit no trend in the stock
of this unmeasured capital relative to value added over the past decade or more. Second,
we suggest that a model of the variability of the market valuation of the U.S. corporate
sector over the past century based on fluctuations in the stock of unmeasured capital held by
U.S. corporations should also account for observed flows of free cash flow to owners of these
corporations, as these cash flows are invariant to failure to measure investment; see Atkeson
(2020). Thus, large movements in unmeasured investment in intangible capital over time
should correspond to large fluctuations in measured Free Cash Flow. A question for research
going forward is whether the fluctuations we see in Free Cash Flow in the data would be
consistent with a model with large variation over time in the ratio of the stock of unmeasured
intangible capital over measured output.

We now turn to our discussion of the IMA data.



3 Measures of Corporate Value, Cash Flows, and Re-

turns

In this paper, we focus on valuation and cash flow measures in the data from the Integrated
Macroeconomic Accounts (IMA) closest to those concepts in a standard macroeconomic
stochastic growth model. We consider a model in which firms are entirely equity financed,
have no financial assets, and pay out all of their after-tax gross operating surplus less invest-
ment expenditures each period to firm owners. We refer to the concept of the value of the
U.S. corporate sector that we use in this paper as enterprise value. We refer to the concept
of cash flows for the U.S. corporate sector that we use in this paper as free cash flow from
operations, or free cash flow for short.

We use the IMA data to construct a measure of enterprise value for the U.S. corporate
sector as the sum of the market value of the equity and financial liabilities less the financial
assets of U.S. corporations.”

Our measure of free cash flow in the IMA data is equal to after-tax gross operating surplus
less investment expenditures of U.S. corporations. These valuation and cash flow measures
are similar to those used in Hall (2001). Full details of our data construction for these and
all other variables used in the paper are given in Appendix A.

We plot our valuation and cash flow measures relative to the gross value added of the
U.S. corporate sector in Figure 1. We show enterprise value in the left panel in blue and free
cash flow in the right panel in red. We see that both enterprise value and free cash flow are

quite volatile relative to the gross value added of the U.S. corporate sector.

"This measure of enterprise value for the Financial and Non-Financial corporate sectors is
reported on Table Bl “The Derivation of U.S. Net Wealth” of the Financial Accounts of
the United States. See https://www.federalreserve.gov/econresdata/notes/feds-notes/2015/
us-net-wealth-in-the-financial-accounts-of-the-united-states-20151008.html
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Figure 1: Left Panel: The Enterprise Value of U.S. Corporations over Corporate Gross Value
Added. Right Panel: Free Cash Flow from U.S. Corporations over Corporate Gross Value
Added. 1929-2023

In the left panel of Figure 2 we show the ratio of free cash flow to enterprise value. This
valuation ratio shows considerable business cycle fluctuations but appears to be stable over
the long term.

The right panel of this figure shows the ratio of enterprise value to gross value added
in blue and a predicted value of this ratio if enterprise value were a fixed multiple of free
cash flow in red.® We see in this panel that the low frequency fluctuations in the ratio of
enterprise value to gross value added appear to be fairly well accounted for by low frequency
fluctuations in the ratio of free cash flow to gross value added, when those are valued at a

constant price dividend ratio.”

8We use a valuation multiple of free cash flow of 1/0.032 = 31.25 in this calculation.

9A simple variance decomposition of fluctuations in the log of the ratio of enterprise value is consistent
with each of these components playing an important role. The variance of the log of the ratio of enterprise
value to corporate GVA from 1929-2022 is 0.1476. The variance of the log of the ratio of free cash flow to
corporate GVA is 0.1905. The variance of the log of the ratio of enterprise value to free cash flow is 0.1795.
The covariance between these two series is -0.1112.
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Figure 2: Left Panel: Free Cash Flow from U.S. Corporations over Enterprise Value. Right
Panel: Enterprise Value (left axis) Actual and and Predicted from Corporate Free Cash Flow
using a valuation multiple of 1/0.032 = 31.25 (right axis) over Gross Value Added. 1929-2023

We also use the IMA to construct a market valuation of the equity of U.S. corporations
(both publicly traded and closely held corporations) and a corresponding cash flow measure
of monetary dividends paid to the owners of these corporations. We include these alternative
measures of valuation and cash flow to facilitate comparisons between the IMA data and
work using data from CRSP and Compustat for publicly traded firms. We show the IMA
measures for the value of equity and for dividends relative to gross value added for the U.S.
corporate sector in red in the left and right panels of Figure 3. Our measures of enterprise
value and free cash flow are in blue.'”

We see in the left panel of Figure 3 that the fluctuations in the market value of equity
and enterprise value for U.S. corporations are tightly linked. By comparing the different
scales for enterprise value (left axis) and equity (right axis), we see that enterprise value is
consistently about 50 percentage points of gross value added larger than the market value of
equity. This difference between enterprise value and equity value corresponds to net debt of

the U.S. corporate sector.

10We show an analogous plot for the enterprise value and the market value of publicly traded equities in
Appendix Figure B.1.
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Figure 3: Left Panel: Enterprise Value (left axis) and Equity Value (right axis) of U.S.
Corporations over Corporate Gross Value Added. Right Panel: Free Cash Flow and NIPA
Monetary Dividends Paid over Corporate Gross Value Added. 1929-2023. NIPA Dividends
Paid data are not yet available for 2023

We now consider properties of the annual returns on enterprise value and equity implied
by these two sets of valuation and cash flow measures from the IMA.

We compute the returns on enterprise value from the perspective of a household in a
stochastic growth model that owns the entire corporate sector and receives all cash paid out
by that sector. Using that perspective, we denote enterprise value at the end of period ¢ as
V;, free cash flow in period ¢t + 1 as FCF;,q, and construct realized returns on enterprise

value each year as

Vo FCOF 1 + Vi
eXp(TtH) v,

We deflate these and all nominal returns by the growth in the PCE deflator to compute

realized real returns.

We compute realized returns on equity from the perspective of a household that purchases

IMA
t+1 >

and sells that equity realizing a capital gain corresponding to the IMA reported revaluation

equity at the end of period ¢ at price V,¥, collects dividend payments in year t + 1, D

of outstanding equity at t + 1, REV ALE . We compute this realized return as

2o\ D{%A + REVALEA + VtE
eXP(TtH) = VE
¢

This calculation of returns is closer to what is done in CRSP or Standard and Poors’ data

for public firms.
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We report some basic statistics of the mean and standard deviations of log real returns
using these two return concepts as well as analogous return and dividend growth statistics
computed using CRSP returns on the value-weighted portfolio of NYSE, AMEX, and NAS-
DAQ stocks in Table 1. We see in this table that all three measures of returns have similar
means and standard deviations. We also see that the standard deviation of growth in log
free cash flow is much higher than for the other two measures of dividends. This difference
in volatility is readily visible in the right panel of Figure 3. We see in that figure that IMA
Dividends smooth out the higher frequency fluctuations in free cash flow that are likely due

to business cycle fluctuations in investment.

Table 1: Mean and Standard Deviation of Real Log Returns and Log Dividend Growth on
Enterprise Value, IMA Equity, and CRSP Value-Weighted Portfolio

Return Time Period Mean Return Std Return Std D growth
Enterprise Value 1929-2023 0.073 0.146 0.280
IMA Equity 1929-2022 0.076 0.173 0.073
CRSP VW 1929-2023 0.062 0.193 0.138

In Figure 4 we examine the extent to which these measures of realized real returns on
enterprise value and on IMA equity line up with measures of realized real returns computed
using the CRSP value-weighted portfolio. In the left panel, we show a scatter plot of realized
annual returns on the CRSP portfolio on the x-axis and returns on enterprise value on the
y-axis. The red line is the 45 degree line. We show the corresponding scatter plot for CRSP
returns and realized returns on IMA equity in the right panel. We see in the figure that both
measures of returns constructed from the IMA data line up quite well with measures of equity
returns from the CRSP database.!'. The correlation of returns on enterprise value with those
on the value-weighted CRSP portfolio is 0.943 for the period 1929-2023. The corresponding
correlation for IMA equity returns with CRSP returns is 0.981 for 1929-2022.'2

1We show the same scatter plots using data from the 1946-2022 time period in Appendix Figure B.2
12Note that one would expect some deviation of returns on enterprise value from returns on equity given
the presence of net debt documented in the left panel of Figure 3.
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Figure 4: Left Panel: Realized Returns on Enterprise Value vs. CRSP Value-Weighted
Return 1929-2023. Right Panel: Realized Returns on IMA Equity Value vs. CRSP Value-
Weighted Return: 1929-2022

We now conduct one final comparison of our measures of free cash flow and enterprise
value in the IMA data with analogous measures obtained from Compustat data on the finan-
cial accounting statements of publicly traded firms.!*> We expect to see differences in these
measures of cash flows and valuation from these two data sets for many reasons, two of which
stand out.

First, the IMA data are constructed to cover both publicly traded and closely held corpo-
rations, while the Compustat data cover only publicly traded corporations.'* This conceptual
distinction between the two data sets should act to make measures of free cash flow and en-
terprise value larger in the IMA data than corresponding estimates from Compustat data.

Second, the IMA data are constructed to cover only U.S. resident corporations. A U.S.
resident corporation is an entity incorporated in the United States. Thus, these corporations
include the U.S. subsidiaries of foreign multinational corporations and exclude the foreign
subsidiaries of U.S. multinational corporations. In contrast, Compustat data covers the

worldwide operations of a list of public companies that are determined to be U.S. corporations

13In the Compustat data, our measure of free cash flow is computed (following Adame et al. 2023 ) as
Operating Activities—Net Cash Flow (OANCF) minus capital expenditures (CAPX). Enterprise value is
computed as Total Market Value (MKVALT) plus Total Liabilities (LT) minus current assets total (ACT),
which includes cash and other short term investments, receivables, inventories, and other current assets.
Further details are given in Appendix A

MFor a discussion of the methodology used in the IMA to value closely held corpo-
rate equities see https://www.federalreserve.gov/econresdata/notes/feds-notes/2016/
corporate-equities-by-issuer-in-the-financial-accounts—-of-the-united-states-20160329.
html
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in terms of the entity listing equity on U.S. markets. (See Atkeson, Heathcote, and Perri
2023 for further discussion of this point.) To the extent that the foreign subsidiaries of U.S.
multinational corporations generate more free cash flow and contribute more to enterprise
value than the U.S. subsidiaries of foreign multinationals, this conceptual distinction between
these two data sets should act to make measures of free cash flow and enterprise value smaller
in the IMA data than corresponding estimates from Compustat data.

In Figure 5 we plot free cash flow (left panel) and enterprise value (right panel) in the
IMA and in Compustat, both divided by same denominator, which is gross value added of
the corporate sector from the IMA. The left panel shows that in both Compustat and the
IMA data the share of free cash flow in GVA roughly doubles from the early 1990s to the
late 2000s. The right panel shows that enterprise value relative to IMA GVA increases by a
similar amount in both data sets. Figure 6 shows that the ratio of free cash flow to enterprise
value therefore appears relatively stable over time around a similar level in both the IMA

and the Compustat data.
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Figure 5: Free Cash Flow and Enterprise Value in the IMA and in Compustat
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Figure 6: Ratio of Free Cash Flow to Enterprise Value in the IMA and in Compustat

The close correspondence between measures of value and returns for claims on the U.S.
corporate sector from the Integrated Macroeconomic Accounts with measures of value and
returns constructed from CRSP and Compustat data on public firms gives us confidence
that the Integrated Macroeconomic Accounts are a useful data source for further work in
macrofinance aimed at offering an integrated account of aggregate corporate valuations and
cash flows.

We start on that agenda in the remainder of this paper.

4 Revisiting Campbell-Shiller Regressions

In Figure 1 we provide evidence that the ratio of U.S. corporate free cash flow to owners of
firms has fluctuated a great deal relative to gross value added of the U.S. corporate sector
over the period 1929-2023. The right panel of Figure 2 provides suggestive evidence that
these fluctuations in free cash flow relative to GVA might account for a substantial portion
of observed fluctuations in the enterprise value of U.S. corporations relative to the output
of the U.S. corporate sector over this time period. But it is also clear from the left panel
of that figure that the ratio of free cash flow to enterprise value (a dividend price ratio) is
not constant over this time period so that fluctuations in this valuation ratio also play a
significant role in accounting for fluctuations in the ratio of enterprise value to corporate
sector output. Thus, to provide a full account of the drivers of fluctuations in the ratio of
enterprise value to corporate value added, we must also provide an account of the drivers
of fluctuations in the ratio of free cash flow to enterprise value, or, in other words, of the

fluctuations over time in the dividend-price ratio for enterprise value.
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Conceptually, a dividend price ratio can move because agents beliefs regarding the growth
of future cash flows from that asset have changed or because the expected returns that agents
demand to hold the asset have changed. Campbell-Shiller regressions are one widely-used
methodology for decomposing fluctuations in dividend-price ratios into a portion due to
fluctuations in expected future rates of return and a component due to fluctuations in the
expected growth of future cash flows to owners of firms. The goal of these regressions is to
determine the extent to which movements in dividend-price ratios forecast changes in future
growth of cash flows or changes in future realized returns.

Prominent papers in this literature run these regressions with data on publicly traded
firms and argue that fluctuations in expected growth of future cash flows to owners of firms
account for at best a small portion of the observed fluctuations in dividend-price ratios for
public equity because movements in these dividend price ratios show little ability to forecast
future growth of cash flows.!> We discuss these findings in detail in a companion paper to
this one: Atkeson, Heathcote, and Perri (2024).

In this section, we revisit the results of Campbell-Shiller regressions using our data on
enterprise value and free cash flow for the U.S. corporate sector. In this regard, we follow
prior work by Larraine and Yogo (2008) who argued using similar data that fluctuations in
valuation ratios do have considerable ability to forecast future cash flow growth when using
valuation and total cash flow measures drawn from the Financial Accounts of the United
States. We find similar results here using our concepts of enterprise value and free cash flow.

We also follow prior work by Greenwald, Lettau, and Ludvigson (2023) who emphasize
the role of shocks to the share of value added flowing to owners of firms in driving changes
in ratios of corporate valuation to output. We conduct separate Campbell-Shiller regressions
examining the extent to which movements in free cash flow to enterprise value ratios forecast
changes in future growth of corporate gross value added or growth in the share of free cash
flow in corporate gross value added. We find that the substantial majority of cash flow
predictability is in the share of free cash flow in corporate gross value added.

The regressions we consider are derived following the analysis in Cochrane (2011) leading
to his Table II. We spell this logic out in detail for readers who may not be familiar with this
standard material in finance.

The realized return on any asset with positive dividends can be written as

P
B+ D | Doy 1| Dy
eXp(rt+1) - .Pt - P Dt :
Dy

15See Koijen and Van Nieuwerburgh (2011) and Campbell (2018) Chapters 5.3 - 5.5 for a textbook summary
of this methodology and discussion of it in the literature.

18



A loglinear approximation to this equation gives realized log returns as
Fe41 R —pdp,q + dpy + gpes

with a@ denoting the log deviation of the dividend-price ratio from its value at the point
of approximation, gp;y; denoting the log deviation of the growth rate of dividends from its
value at the point of approximation, and p being a constant of approximation determined by

the price dividend ratio at the point of approximation given by

P/D

"T“PD+1

We have suppressed reference to the constant term in this approximation.
Rearranging terms relates the log dividend-price ratio to future realized returns, realized

divided growth, and the future realized dividend-price ratio

dp; = Ti11 — gper1 + PPy -

If we iterate on this formula k times, we get a formula relating the current log dividend-price
ratio to cumulative realized returns and dividend growth over horizon k£ and the terminal

dividend-price ratio at that horizon

k k
dp, ~ Z Py — Zﬁjilgmﬂ + Pk@t%-

j=1 j=1
This formula holds for all realizations, so it holds in expectation as well. Thus, a movement
in the dividend-price ratio for this asset at time ¢ should correspond to a linear combination
of movements in expected future returns, expected future dividend growth, and the expected
future dividend price ratio over a horizon of k future periods. If the dividend price ratio is
stationary over time, the final term in this expression should go to zero as k gets large since
p < 1 by construction. This argument leads to the standard decomposition of changes in
current dividend price ratios into changes in subsequent returns and dividend growth.

We now run three regressions based on this approximation formula given by

k
i—1 4 k K3
§ P e = ap + Bidpy + €y
j=1
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k
E o’ 9Di+j = Ogp + Bngpt + €9Dji+k
j=1

pkdek = O/;p + ngdpt + €dp,tk

Observe that if one imposes the log return approximation, the slope coefficients in these

regressions satisfy the constraint
51If - gD + ﬁgp =1

That is, one can interpret these slope coefficients as indicative of the extent to which fluc-
tuations in log-dividend price ratios are accounted for by fluctuations in expected returns,
expected dividend growth, and expected future dividend price ratios.

We revisit results from running these regressions over the 1929-2023 time period using
annual data on real returns from our data on enterprise value returns and real growth of
free cash flow. Following the presentation of results in Cochrane (2011) Table II, in our
Table 2, we first report estimated slope coefficients corresponding to future returns (3%),
future dividend growth (5},), and the future price dividend ratio (53},) using a regression in
which we construct the cumulated returns and dividend growth terms on the right side of
the first two regressions directly in the data at a fifteen year horizon, and then run the three
regressions. We then present results at a horizon of 15 years implied by iterating on one-year

ahead forecasts treating the three regressions as a VAR.

Table 2: Campbell-Shiller 15-year Horizon Regression Coefficients. IMA Free Cash Flow and
Enterprise Value Data, 1929-2023.

return 8% dividend growth ;“D future dp ratio 6§p
Direct k = 15 0.46 -0.71 -0.17
VAR k=15 0.28 -0.71 0.01

We see in these regression results confirmation of the hypothesis that movements in the
log ratio of free cash flow to enterprise value are largely a forecast of movements in subsequent
real growth of free cash flow.

We note that it is possible to decompose the predictability of growth in free cash flow
shown in this table into a component due to predictability of growth in the log of corporate
GVA and growth in the log of the ratio of free cash flow to GVA. Running these regressions
separately reveals that all of the predictability in the growth of free cash flow comes from the
predictability in its share in GVA (this coefficient estimate is —0.74 in the direct regression
and —0.68 in VAR-based estimate) rather than in the growth of corporate GVA.

20



We take away from these results that the conventional wisdom that fluctuations in ex-
pected future cash flows are not an important driver of fluctuations in dividend price ratios
and that these valuation ratios are driven primarily, or even exclusively, by fluctuations in
expected returns is worth reconsidering in light of these IMA data. We begin that reconsid-
eration in the next section with a model that we use for accounting the the valuation of U.S.

corporations, their cash flows, and their choices of investment in physical capital.

5 Model

We now introduce the model we use to account for these data.

Our model has two main components.

The first is a model of production and income in the corporate sector that is based on
the standard stochastic growth model. The main modification we make to the standard
model is that we assume that firms charge prices that include a time-varying wedge relative
to cost, so that a portion of value added corresponds to a pure rent paid to the owners of
firms. Following Karabarbounis and Neiman (2019), we refer to this income as factorless
income. We note that this factorless income can be positive or negative. To the extant that
firms have power to charge a markup over the costs of labor and measured capital, factorless
income is positive. To the extent that managers of firms fail to earn surplus sufficient to cover
the opportunity cost of the measured capital that they own, factorless income is negative.
We also explicitly model corporate taxation, and how it impacts, cash flow, returns, and
valuations.

The second component of our model is the pricing kernel M;,,. The pricing kernel is used
to value the stream of cash flow that firm owners receive, and to rationalize the choices of
investment in physical capital observed in the data through the capital Euler equation.

Our analysis of the model will proceed in steps. First, we show that with a minimal set
of assumptions, we can use the model structure and the Integrated Macroeconomic Accounts
to decompose the series for corporate free cash flow described earlier into a portion of cash
flow accruing to owners of measured capital, and a portion accruing to owners of claims to
factorless income.

Second, we show how the framework can be used to decompose aggregate enterprise
value into the market value of cash flows to the owners of the measured capital stock and
the market value of claims to factorless income. We show that in the data prior to World
War II, much of the fluctuations in enterprise value relative to corporate output correspond
fluctuations in the stock of measured capital relative to corporate output, while after World

War II, fluctuations in the market value of measured capital account for little of the large
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observed swings in enterprise value.

Third, we formulate a specific stochastic process for factorless income in the economy;,
and impose some restrictions on our pricing kernel which determine how the risk of this cash
flow is priced. Given these auxiliary assumptions we are able interpret fluctuations in the
value of claims to factorless income as reflecting shocks to expected future factorless income.

Finally, fourth, we examine our model’s implications through the capital Euler equation
for the realized and expected excess returns to investment in measured capital over and above

a short term risk free rate.

5.1 Technology

We start by describing the production technology.
Aggregate output, corresponding to gross value added of the corporate sector, GV A;, is

given by a Cobb-Douglas production function
GVAt - Kta(ZtL)l_a, (1)

where K, is the stock of physical capital in units of capital services, L is labor, which is
inelastically supplied, and Z; is a shock to aggregate productivity. We will assume that the
share of capital in production, denoted by «, is constant over time.

The evolution of the stock of capital services is given by
Kin=(1-0)K, + I

where ¢; is a time-varying physical depreciation rate for capital services and I; is investment
in new capital services. Note that we assume here that there are no investment adjustment
costs.

The terms K; and I; are not directly measured in the data. Instead, the IMA report end
of period nominal values for the stock of capital at replacement cost, nominal investment
expenditures, nominal consumption of fixed capital, and nominal revaluations of the stock
of capital carried into the period due to changes in the replacement cost of that capital. In
our model, we use P; to denote the nominal price level and (); to denote the real price of
capital goods. We write the real end-of-period t replacement cost of capital as Q; K1, real
investment expenditure in period t as ;I;, real consumption of fixed capital as 6;Q;K;, and

real revaluations of the replacement value of capital carried into period ¢ as (Q; — Q¢—1) K.
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Thus, the accounting in the IMA data is

QiK1 = QK +(Qr— Q1)K — 0, QK+ Qul
~—— ~—— —_— ~~
ReplacementCosti41 ReplacementCosty Revalt+Othery CFC Investmenty

The growth rate for (); can be directly inferred by dividing the reported revaluation value
by the reported end of ¢ replacement cost.!® One can then construct a series for Q.K; and
from that infer a series for J; given reported consumption of fixed capital.

For the purposes of interpreting valuations, it is helpful to conceptualize two types of firms
operating in the economy. One type, which we call investment firms, holds measured capital,
makes investment decisions, and earns income by renting out this capital at a rental rate per
unit of capital services RX. The second type of firm, which we call factorless income firms,
rent capital and labor, whose wage rate is W, and use these inputs to produce the final good
according to equation (1). These factorless income firms earn this income by selling output
with a wedge pu; between revenue and the cost of measured capital and labor in production.
As discussed above, this wedge can be greater or less than one. We assume that both types
of firms are 100 percent equity financed, and that both pay out all the free cash flow they
generate as model dividends. We also assume that both types of firms seek to maximize the
present value of model dividends payable to shareholders, where these dividends at date t+ &

are discounted back to date ¢ according to a common pricing kernel, M, ; .'"

5.2 Corporate Taxation

To construct measures of free cash flow for these firms we need to specify how they are
taxed. We model two sorts of corporate taxes. First, we assume factorless income firms pay
a proportional tax at a time-varying rate 7;° that applies to GV A;. This tax in the model
corresponds to indirect businss taxes in the data. Thus, we estimate 7;° by dividing the sum of
“taxes on production and imports less subsidies” plus “business current transfer payments”
from NIPA Table 1.14 by corporate gross value-added.

Second, we model corporate income taxes as follows, building on Gravelle (1994) and
Barro and Furman (2018). We assume corporate income is taxed at a proportional rate
7. We assume that investment firms can fully expense economic depreciation and can also
expense a constant fraction A of net new investment. Given these assumptions, the effective
tax rate on capital is approximately equal to 7£(1 — \)/(1 — A7f).'® Factorless income firms

pay the corporate income tax on their factorless income, but are entitled to a time-varying

16We work with nominal data, so this procedure identifies the growth of the nominal price of capital goods.
I"These discount rates are state- as well as date-specific.
18See Appendix C for the derivation and for an exact expression.
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lump-sum tax credit, 7. We use this credit to reconcile marginal tax rates with total taxes
paid.

Given this model, total corporate income taxes paid are given by

Tal'@sg = TtC [(1 — TtS)GVAt — mL — 5tQth — )\Qt (Kt+1 — Kt)] — 7_’tL (2)

We set the value for 7 in each year ¢ equal to corresponding value for the top rate of
federal corporate income tax. We set A\ = 0.2. These choices imply a time path for the
effective tax rate on capital income similar to the one estimated by Gravelle (2006). Given
those choices, we set the time path for TF so that implied total corporate income tax revenue
(equation 2) matches the series for “taxes on corporate income” in NIPA Table 1.14. Figure
7 plots corporate income tax revenue as a share of gross value added, and the time paths for

the statutory and effective tax rates.
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Figure 7: Left Panel: Corporate Income Tax Revenue 1929-2023. Right Panel: Model Tax
Rates 1929-2023. 7/ is the value-added tax rate, 7/ is the statutory corporate income tax
rate, and 77 is the marginal effective tax rate on capital.

5.3 Drivers of Free Cash Flow

Given our assumed tax structure, total corporate free cash flow is
FCF, = (1—-1)GVA; — WL — QiI; — Tazes;. (3)

Measuring total free cash flow for the corporate sector using equation (3) is straightforward

given the IMA series for gross-value added, compensation, investment, and corporate taxes.
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Figure 8 documents the contributions of these different components in accounting for observed
changes in total free cash flow. To make the plot easier to read, we measure deviations of
each component from their sample average, and filter the series to remove high frequency
fluctuations. The message of this figure is that changes in labor’s share of income, changes
in investment, and changes in corporate taxes are all important drivers of total corporate
free cash flow. Note, first, that the well-documented decline in labor’s share of value-added
in the post 2000 period accounts for essentially all of the observed increase in free cash flow
over that period. At the start of the sample period, the key reason cash flow declines is that
corporate taxes paid rise. Between the end of World War II and 2000, labor’s share of income
is relatively stable. Investment rises steadily as a share of value added, reducing free cash

flow, but this trend is largely offset by a declining corporate tax burden.

Decomposition of changes in FCF / GVA Free Cash Flow to Capital and to Profits
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Figure 8: Left Panel: Decomposition of Total Corporate Free Cash Flow. For each compo-
nent, we plot the Hodrick-Prescott trend value (smoothing parameter = 100) for the difference
of the component from its sample mean. Right Panel: Decomposition of Free Cash Flow into
Free Cash Flow to Capital and Free Cash Flow to Factorless Income Firms.

5.4 Income Shares

We use our model to split this free cash flow into a component going to owners of measured
capital, and income to owners of claims to factorless income. After-tax free cash flows from

investment-producing and factorless income firms are given, respectively, by

FCFEF = RFK, — Quly — 7/ [R} Ky — 0:Qu K — ANQy (K — Ky)]

25



and
FCF" = (1 — I, + TF,

where

I, =(1—-7)GVA, —W,L - RFK, (4)

denotes pre-corporate-tax factorless income.

To construct these free cash flow series requires an estimate of capital rental income R K
or equivalently for IT;. We now use our model structure to construct such a series.

In our model, factorless income firms solve static problems, choosing how much capital and
labor to rent each period to minimize costs. Given the Cobb-Douglas production function,

the optimal ratio of capital relative to labor services is given by

Kt B « Wt
L (1—-a)RF (5)

These firms set prices net of value-added tax with a time-varying wedge p; over unit cost:

(1—7)GVA, = u(W,L + RFK,) (6)

In Atkeson, Heathcote, and Perri (2023) we show how such wedges can be micro-founded as

arising from Bertrand competition between more and less productive potential producers.
Given, equations (5) and (6), our model’s implications for the division of gross value

added into income shares is as follows. Share 7/, accrues to the government as taxes on

production and imports less subsidies. The remainder is divided according to

WL 1

Gra = (-m-a) (7)

RFK, o1

ava (1—%)0&; (8)
1 _ s (Mt—l)

ava (1—Tt)—ut (9)

REK, 11,
ava, T ava
is the model equivalent of Gross Operating Surplus. Note that the model equivalent of Taxes

where GV‘V}jt is the model equivalent of compensation of employees and the sum

on Corporate Income and Wealth is given as in equation 2 is not considered as an income
share in NIPA.
Let k; denote free cash flow to owners of factorless income firms at date ¢, relative to

gross-value added:
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FOE oI T
=(1-7) +

—1
= (- -m)
Mt

KRy =

TE
GVA;"
Equation (7) implies a tight link between fluctuations in the price-cost wedge p; and

where 71 =

fluctuations in labor’s share of income. Using that relationship one can express free cash flow

to factorless income firms x; as a function of tax rates and labor’s share:

(1 — th) WtLt

b= (=751 —78) + 7 — (10)

Thus, in this model, given tax parameters and a choice for the share parameter «, the
path for factorless income as a share of corporate GVA can be identified given a path for
compensation to labor as a share of gross value added, which we take straight from the IMA.
Of course, given total free cash flow, and free cash flow to factorless income firms, we also
have free cash flow to owners of capital.

The right panel of Figure 8 plots factorless income (k;) and free cash flow to capital
as ratios to corporate GVA, given a choice of a = 0.29. We will discuss the logic for this
parameter choice below.

The ratio of factorless income to GVA is quite volatile. In addition, it generally appears to
trend upward over time, and has risen sharply since 2000, from a share near zero, to around
10 percent of corporate gross value added. Mechanically, this is largely driven by the decline
in labor’s share of income over this period: see equation (10) and the left panel of the figure.

Free cash flow to capital as a share of gross-value added declines quite dramatically in
the early decades of our sample, but appears relatively stable from around 1970 onward.
Cash flow to capital was high during the Great Depression because investment and corporate
taxes were both very low. Over time, the main driving of declining cash flow to capital has
been rising investment as a share of gross value-added (see Figure 9). This in turn reflects
an upward trend in the depreciation rate §. Rental income from capital R K; in the model
moves in lockstep with compensation of employees (see equations 7 and 8), so the declining
labor share post 2000 also worked to reduce cash flow to capital.

Note that the path for free cash flow to capital that we find reflects a minimum of model
structure: our assumption of a Cobb-Douglas production function with a constant capital
share in costs a. As for factorless income, alternative values of o simply shift this measure

of series up or down without changing the trend. We discuss how the measured decline in
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free cash flow to capital impacts our measurement of the returns to investment in physical

capital in Section 7.

Free Cash Flow to Capital Decomposition
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Figure 9: Free Cash Flow to Capital and the Contribution of Investment.

5.5 Firm Valuation

Enterprise value in our model is the expected discounted present value of free cash flow
to owners of firms, with those present values computed using the model’s pricing kernel
M;.1. Given our division of free cash flow F'C'F; into a component that is factorless income
FCF!" = k;GV A; and a component that is free cash flow to capital FCEX | it is natural to

decompose enterprise value, denoted by V; as the sum of the values of these two cash flows
Vi=Vr+ V! (11)

where VX denotes the value of future free cash flow to capital and V;! denotes the value of
future factorless income.

The firm that owns and manages the physical capital stock takes as given an initial capital
stock K; and chooses future capital {K;;;} and after-tax free cash flow payable to owners
{FCF[,} for k> 1 to maximize

FOFF +VE

where

V=Y B [My FCFS,]
k=1
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The first-order condition with respect to K, is

Ee [Migar [(1=7510) (RE — Qusadian) + (1= A1) Qe ]| = (1= A7) Qs (12)

If investment firms choose investment according to the capital Euler equation (12) at

every date, then one can show that the value of future free cash flow to capital is given by
V= (1= M)QiKin (13)

This result is independent of the specification for the pricing kernel M, ;,, but it does rely
on the assumption that the production function is constant returns to scale, and that there
are no investment adjustment costs.'® Given this result, we measure the value of factorless
income using the IMA data using the difference between enterprise value and the value of

the claims to capital:
Vit =V, = (1= A7) QK. (14)

Note that if A = 1 (full expensing of net investment) then a constant corporate tax rate
does not distort investment: all the tax terms in equation (12) cancel out. However, firm
value is depressed relative to the replacement cost of capital by a factor (1—7f). The intuition
is that the capital tax depresses income to capital — and thus the market value of capital —
which reduces the incentive to invest. But full expensing allowance sufficiently subsidizes the
cost of new investment to exactly offset that effect.

Conversely, if A\; = 0, then investment and capital are depressed when 77 > 0, but the
value of the firm is equal to the replacement cost of its capital. See McGrattan and Prescott
(2005) for a related discussion.

We show the breakdown of enterprise value relative to gross value added into these two
components in Figure 10. The data in this figure are the key valuation facts that we wish to
account for and to reconcile with the dynamics of cash flows described above.

In the left panel of this figure, we show enterprise value (in blue) and the market value
of the capital stock (in red). In the right panel of this figure, we again show enterprise value
(in blue) and the value of claims to factorless income (in red). We see in the left panel of
this figure that between 1929 and World War II (WWII), fluctuations in the value of capital
account for much of the fluctuations in enterprise value, but that after WWII, the ratio of
the value of capital to value added has remained remarkably stable. In some periods, the
market value of capital exceeds enterprise value. If one were to instead measure capital at

replacement cost, the capital value would be higher still.

19We provide a proof of this result in Appendix D.

29



Enterprise Value over GVA
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In the right panel of Figure 10, we see that it is fluctuations in the value of claims
to factorless income that account for the majority of fluctuations in enterprise value after
World War II. Note that in some periods the value of claims to factorless income is negative.
Our valuation model will need to account for occasionally negative valuations for claims to

factorless income even though actual such income is generally positive (Figure 8).

Enterprise Value and Capital Value over GVA
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Figure 10: Left Panel: Enterprise Value (left axis) and Value of Capital Stock (right axis)
over U.S. Corporate Gross Value Added. 1929-2023 Right Panel: Enterprise Value (left axis)

and Value of Factorless Income (right axis) over U.S. Corporate Gross Value Added. 1929-
2023

6 Valuing Factorless Income

We next turn to our model of the dynamics of the pricing kernel M, and agents’ expec-
tations of the dynamics of the future share of factorless income k; that we use to account
for our measurement of the value of factorless income V' /GV A; shown in the right panel of

Figure 10.

6.1 A General Pricing Formula

We value a claim to factorless income as follows. The price at t relative to output at ¢ for a

claim to factorless income at t + k is given as

Tl
GVA,

GVAH/%
t’Hk—GVAt 4k

E,
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where M, 1, is the pricing kernel between periods ¢ and ¢ + k and the value of a claim to all

factorless income from ¢ + 1 on is given by

‘/tn [e’e) ‘/tH(k;)
GVA, £ GVA4,

Note that we can write the prices of claims to factorless income at different horizons as

yi®  pY
GVA,  GVA,

E; [kt+x] + Covy <Mt,t+k—; Kipr — By [’ft+k]> (15)

where we define the price at ¢ of a claim to output at ¢t + k relative to output at ¢ by

PtY(k) _E GV At
GVA, TR ara,

Thus, from equation (15) we have that the price of a claim to factorless income at horizon
k relative to output can move for three reasons. First, the price of a claim to output at horizon
k relative to output at ¢ given by %k:) might move. Second, the expected factorless income
share might move. And third, the risk premium in the covariance term might move.

Note that the pricing equation (15) differs from the standard pricing equation for an asset
whose cash flows are always positive in that the covariance term representing risk impacts
the level of the price of a claim to factorless income. Thus, even if expected factorless income
Ei[ki1k] is positive, the price of a claim to that income can be negative. This property of
our pricing model helps us account for observations of the value of factorless income that are
below zero corresponding to measurement of values of Tobin’s Q that are below one.

Note as well that the covariance term representing risk in equation (15) represents the
risk attached to innovations to the share of factorless income. Since, to a first order, changes
in the share of factorless income do not impact aggregate output, this risk is not the standard
risk to aggregate output or consumption considered in many asset pricing models. Instead,
it requires that innovations to the marginal utility of the marginal investor be correlated
with innovations to the share of factorless income. Greenwald, Lettau, and Ludvigson (2023)
present a model with such a risk premium due to the assumption that the marginal investor

derives all of his or her wealth from a claim to cash flows to owners of firms.
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6.2 Specification of Process for Factorless Income

We assume that the factorless income share follows an AR(1) with a shifting endpoint

Kig1 — Tep1 = p(Ke — Tp) + €41 (16)
Tpy1 = Tt + €x 41 (17)

These equations imply that
Eilkipr] = 0" (ke — 1) + 24 (18)

and

Et[’fﬂroo] = T¢.

Thus, x; is a latent state capturing the long run expected value for the share of factorless
income. The gap between the current share x; and the long run expected share x; is expected
to close a rate determined by the persistence parameter p. Shocks to €, 41 have a larger effect
on near-term expected factorless income, while shocks to €,y move expected factorless

income permanently:

k+l(

Eoy1[fernr1] — Eekgrs1] = pk</€t+1 — Tp1) — P Kp — T4) + Ty — Ty = PkEf-e,tJrl + €t

This model of the dynamics of the share of factorless income is similar to that used
in Kozicki and Tinsley (2001) to model the dynamics of the short-term interest rate. The
motivation for this assumed structure is the same in the two applications. Theory suggests
that both the short rate and the share of factorless income should be stationary time series.
Yet, in the data, both series look like they might be non-stationary and simple valuation
models based on either the expectations hypothesis of the term structure or the valuation
of factorless income with constant risk adjustments call for very high persistence in these
series to account for either the volatility of long-term interest rates or observed volatility of

valuations of factorless income. The use of a shifting endpoint delivers this extra persistence.

6.3 No Time Variation in Discount Rates

We will calculate what fluctuations in z; are needed to account for observed fluctuations in
VI /GV A; under the assumption that the discount rate for claims to factorless income are
constant over time. We do not intend to make the claim here that the discount rate for claims
to factorless income are constant over time in the data. Instead, we intend this calculation

in the spirit of the calculation in Shiller (1981). We expand on the connection between our
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calculation here and that in Shiller (1981) in greater detail in Appendix section F. We find in
this calculation that relatively small fluctuations in the expected factorless income share in
the long run are sufficient to account for observed volatility in the value of factorless income.
Given equation (15), pricing factorless income with no time variation in discount rates
or risk premia amounts to assuming that the terms PtY(k) /GV A; are constant over time and
that the conditional covariance term in that equation at each horizon k is also constant over
time. We now discuss conditions under which these terms are indeed constant over time.

Note that the prices PtY(k) satisfy the recursion

PtY(kH) _E | GV A4 Pt}jk(lk)
GV A, 1Y GV A, GV AL
with Y(0)
Y
GV A,

The value of a claim to aggregate output from ¢ 4+ 1 on is given by

Lemma 1: If the ratio of the price to a claim to output one period ahead to the current
value of output, Pty(l) /GV Ay, is constant over time at a value (3, then the price to a claim to

output at all future dates relative to current output is also constant over time and is given
by .
-1 (19)
For the proof of this lemma, see Appendix Section E.

Remark on Lemma 1: By definition

prw GV A GV A GV A
L E, {Mt+1¢:| = E; [M41] E; [WZ] + Covy <Mt+1, TZ) (20)

Note that

GV A 1 GV A
E, [M; 41 E, { ”1} = { ”1}

GVA, | 1 —f—rtf ' GV A,

is a comparison of the expected growth rate of output one period ahead and the one period risk
free interest rate. The conditional covariance term in the equation above is a risk premium
on a claim to aggregate output one period ahead.

If this conditional covariance term is constant over time, then to have a constant price
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dividend ratio for a claim to aggregate output, we need to have movements in real interest

rates offset by countervailing movements in expected growth rates of aggregate output of

GV A1
GV A,

the corporate sector so that the term lef E, [ } is constant over time. To the extent
t

that this conditional covariance term moves over time, the assumption that Pty(l)/ GV A, is
constant over time is equivalent to assuming that movements in the gap between the risk free
interest rate and the expected growth rate of output correspond to offsetting movements in
the risk premium on a claim to output one period ahead.

Now we turn to developing conditions under which the conditional covariance term in

equation (15) at each horizon k is also constant over time.

Lemma 2: Assume that PtY(l) /GV A, is constant over time and equal to 3, and that for

all £ and all ¢
GV A ) _C

Couvy (Mtﬂm, €Ert+1

and
GV A

Covy | My 1 ———,¢ =D
t < t+1 GVAt .T,t-i—l)
That is, assume that the covariance of innovations to the expected factorless income share

and the product of the pricing kernel and output growth are constant over time. Then, for
kE>1,

t k k—1 s
= B Ei[keqr) + p’C+ kD
GV A, —

For the proof of this lemma, see Appendix E. We provide an example of a full pricing
kernel for which the assumption is satisfied in that appendix.
When the conditions of Lemma 2 are satisfied, we can write the value of a claim to

factorless income as

Vi —[ i — (21)

GVA,  |1—-7p
¢:iﬁ“ ((—1_pk> C+kD)
k=1 L=p .

We explore this quantitative implication of our equation (21) for valuing factorless income
0

](/@t—xt)%—lfﬁ

where

in the next subsection.?

20Note that the assumptions that we need for our two lemmas do not require that all expected excess
returns be constant. In Appendix section E, we present a flexible specification of an essentially affine pricing
kernel with time-varying volatility of the stochastic discount factor as in Campbell (2018) Chapter 8.3.3 that
would allow for a rich model of the term structure of interest rates with time-varying expected excess returns
to holding long term bonds and a full set of time-varying risk premia on other claims as described in Lustig,
Van Nieuwerburgh, and Verdelhan (2013) and Jiang et al. (2022). We show how to derive the implications
of this model for the term structure of interest rates and for the prices for claims to output at different
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6.4 Our Valuation Exercise

We use equation (21) together with our measurement of x; from Section 5.4 to back out
estimates of the time series for z; needed to reconcile equation (21) with the data on the
value of factorless income relative to output shown in the right panel of Figure 10. We will
evaluate the outcome of this measurement in three ways.

First, we will explore the implied volatility of the time series for x;. If our model’s
measurement, of x; has no variability, then the data on the valuation of factorless income
can be reconciled simply as a result of observed fluctuations in the current share of factorless
income projected to decay to a constant unconditional mean at rate p. If the estimated series
for x; is highly variable, we regard it as improbable that expected fluctuations in the share of
factorless income alone can reasonably account for observed valuations of factorless income.

Second, we evaluate the extent to which the innovations €, 41 and €41 are themselves
not forecastable. Our valuation model takes these to be expectation errors in the dynamics of
free cash flow. But, since we back out values of x; period-by-period from equation (21), there
is nothing in our measurement procedure to guarantee that these innovations are, in fact,
expectation errors. Hence, a finding that these innovations are predictable would indicate
misspecification of our valuation model.

The third way in which we will evaluate the exercise is by considering whether the fluc-
tuations that we uncover in x; do in fact predict subsequent growth in factorless income’s
share of value added. In particular, our process for x; implies a relationship between z; and
expected future factorless income as given by equation (18). Once we have a series for z;
we can measure whether subsequent factorless income evolves, on average, consistently with
this expression. If it does, that would be evidence in favor of our model specification, and
evidence that observed fluctuations in valuations reflect rational expectations of future fac-
torless income growth. On the other hand, if the z; series that we uncover does not forecast
future factorless income growth, then that would cast doubt on our process for ;. Such a
finding would favor alternative theories in which fluctuations in valuations are driven either
by irrational waves of optimism or pessimism about future income growth, or alternatively

by time variation in discount rates or risk premia.

horizons using standard calculations. We also develop a formula for pricing claims to factorless income when
the pricing kernel and output growth are conditionally lognormal but innovations to the factorless income
share are normal. The assumptions that we have made in our previous two lemmas amount to parameter
restrictions in this model that could be evaluated in an estimation exercise. We do not intend to claim that
these conditions hold in the data. We leave evaluation of that question to future research.
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6.5 Calibrating Valuation Parameters

Equation (21) has three parameters. The first is the value for 5 or, equivalently, the price
dividend ratio for a claim to aggregate output PY /Y in equation (19). The second is the
persistence of the factorless income share p. The third is the constant risk premium ¢ on a
claim to factorless income due to the covariances of innovations to x; and x; with the product
of the pricing kernel and aggregate growth.

We are not aware of any direct measurement of the price-dividend ratio P¥' /Y for a claim
to the future aggregate output of the U.S. corporate sector. Lustig, Van Nieuwerburgh, and
Verdelhan (2013) argue that the price dividend ratio for a claim to aggregate consumption is
quite high. Based on that analysis, we consider a baseline value of PY /Y = 50 corresponding
to 8 =29, We will also consider alternative values of P¥ /Y =25 and P¥/Y = 100.*

We estimate p and ¢ as follows. Equation (21) can be rearranged to give

1 s Vi
Ry — Xy = Rt — +¢ . (22)
B Bp —
55— 1%, 1-p GV A,
We substitute this expression into equation (16) and estimate p and ¢ by least squares
I1
by regressing %“tﬂ — %ﬂjﬂ on a constant and the same variable at date ¢. The slope

coefficient provides a direct estimate of p, while the constant corresponds to ¢(p — 1). This
procedure gives p = 0.8745 and ¢ = —0.943. One way to interpret this value for ¢ is that when
current factorless income and long run expected factorless income are both zero (k; = z; = 0)
investors need to be paid 94 percent of gross value added to be willing to hold factorless
income firms.

Recall that given our choice for o and tax parameters, we can construct a series for

11

factorless income’s share x; from equation (10) and for the associated valuation G“/} 5, from

equation (14). Then, given values for 3, p and ¢ we can construct a series for the latent

expectation variable x; that supports these valuations from our valuation equation (21 or
22).

21'We do note that in our data, the difference between the realized growth of nominal corporate after-tax
gross value added and the one-year risk free nominal rate at the end of the prior year has a mean of 2.9% and
a standard deviation of 8.5% in our data from 1929-2022. Thus, if the price of a claim to output one period
ahead relative to current output is one, corresponding to a value of PY /Y = oo, then the Sharpe Ratio on
that claim would be 0.34, since realized growth in output in excess of the short rate would correspond to
the realized excess returns on that claim to output one period ahead. In contrast, if the price of a claim to
output one period ahead relative to current output were 0.98, corresponding to a value of PY /Y = 50 as in
our baseline case, then the Shape Ratio on that claim to output one period ahead would be 0.58, which seems
quite high relative to standard estimates of the Sharpe Ratio for the stock market. Regardless, we take this
as a baseline value. In sum, output growth in our data is not nearly as volatile as returns on enterprise value
or equity and thus a claim to output one period ahead should not have such a high risk premium, leading to
a high value of PY /Y.
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With o = 0.29, the unconditional sample mean value of x; from equation (10) is 0.0298.
The average value for x; that emerges given our other parameter choices is very similar, at

0.0303.

6.6 Baseline Results

Consider first the results of our baseline measurement exercise with o = 0.29, PY /Y = 50,
p = 0.8745, and ¢ = —0.943. We plot the implied dynamics of the long-run factorless income
share z; in Figure 11. We see in this figure that the implied time series for x; is relatively
smooth over time. That result obtains because, with a high value for 3, the coefficient on x;
in equation (21) is large. Thus, small movements in the expected share of factorless income
in the long run have a powerful impact on the implied present value of factorless income. In
particular, the coefficient on k; in valuation equation (21) is equal to 6.0 while the combined
coefficient on x; in this equation is 50-6=44. Thus, a movement in the the expected share
of factorless income of one percentage point in the long-run accounts for a movement in the

value of factorless income relative to output of 44 percentage points.

0 Current and Long Run Expected Factorless Income Share
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Figure 11: Share of Factorless Income x; in U.S. Corporate Gross Value Added (blue) and
Long-Run Expected Factorless Income Share x; (red).

6.7 Is Cash Flow Really Predictable?

Figure 11 suggests that long run expected factor x; does in fact predict subsequent factorless

income k;. In the first decades of our sample, x; exceeds k;, indicating expected future growth
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in the factorless income share. And the factorless income share does indeed gradually drift
up. The 1990s is another period when x; exceeds k;, and factorless income subsequently
grew strongly in the 2000s. Note that at the end of our sample, long run expected factorless
income is below the current level. Thus, interpreted through the lens of the model, current
cash flow is more than sufficient to justify observed corporate valuations in 2023.

To investigate free cash flow growth predictability more systematically, consider again

equation (22). That equation shows a linear model relationship between a price minus cash

flow statistic, G“/}it — %/{t and the latent unobserved gap between long-run expected div-
idends relative to consumption and the current value of that ratio, x; — ;. If the observed
price per share at some date t is high relative to current factorless income, the model interpre-
tation is that expected long run factorless income must be high relative to current factorless
income. Equation (16) indicates that investors expect this gap to narrow over time, as long
as p < 1. More specifically, model investors expect k; to gradually rise and catch up to
xy, and they expect no change in z; given the unit root process in equation (17). Thus, a
high current valuation minus cash flow differential signals rapid expected future cash flow
growth. The model-predicted dividend growth between ¢ and t + s is given by particular,

given equations (16) and (17),
]Et [Ht+s] — Rt = (]. - ps) (CCt - lit) . (23)

To test whether these cash flow growth predictability properties are consistent with the
data we run some simple forecasting regressions. In particular, for different forecasting hori-
zons s, we regress growth between ¢ and ¢ + s in the share of factorless income on x; — k.

Thus, we estimate coefficients [, for the model
Kips — Kt = Q5 + B (T — Ky) + €4 (24)

We also run a similar regression but with x,,, — x; on the left-hand side.??

Figure 12 plots the results. The blue and red lines shows that our latent gap variable x;—x;
is strongly predictive of future growth in free cash flow to factorless income. Average realized
growth in free cash flow exceeds the model-implied rational expectations value (1—p®)(z;— ;)
(the purple line) at horizons up to around 6 years, but falls short of that value at longer

horizons.

22There is no constant in the theoretical relationship (23). We have run the forecasting regressions with
and without the constant term as.
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Figure 12: Left Panel: Forecasting Regressions at Different Horizons s. The right-hand
side variable is x; — k;. The left-hand side variable for the blue and red lines is ks — K.
The plots shows the slope coefficients 3, when equation (24) is estimated without a constant
(blue line) and with a constant (red line). The purple line shows the model-predicted growth,
Elkiys|— ke = 1—p®. The red line shows the slope coefficient when the left-hand slide variable
is ;4 s — x;. For every horizon s, the right-hand side regressor runs from 1929 to 2008. Right
Panel: Factorless Income Predictability. The y-axis variable is cumulative discounted growth
in factorless income over a 15 year horizon starting from the year shown. The z-axis variable is
factorless income valuation minus 50 times the current factorless income share. The starting
year runs from 1929 to 2008.

The yellow line in the plot indicates that x; — k; does not predict growth in x; at short
horizons, but at longer horizons high values for x; — k; appear to predict declines in z;, which
ought to be unpredictable given our unit root assumption. We will explore further whether
this forecast is significant in future revisions of this paper.

We next illustrate cash flow predictability in a more direct way. For each year in our
sample, we record the valuation of factorless income minus 50 times the current factorless
income share: % — 50k;. We also record the discounted sum of factorless income growth
over the subsequent 15 years, 2]111 (%)] (Ki+j — k¢) . The right panel of Figure 12 plots
the corresponding scatter plot, with each year ¢ labelled. The blue line shows the least
;il (g—(l))j (E¢ [Kt+5] — K¢) on the y axis, where

E, [kt1j] is given by equation (23). It is clear from this plot that this value minus cash flow

squares best fit. The red line instead plots
statistic does predict subsequent growth in the share of factorless income. And overall, the

extent of predictability in the data is very similar to the extent of theoretical predictability

embedded in our calibrated value for the convergence parameter p. The biggest outliers are
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1929, when valuations are high relative to subsequent factorless income growth, and 2008,
when valuations are low relative to subsequent factorless income growth.

We conclude that growth in free cash flow from factorless income has a large predictable
component, and that fluctuations in observed valuations of claims to factorless income can

reasonably be interpreted as reflecting rational changes in expectations about that growth.

6.8 Sensitivity with Respect to Discount Rate

The ratio of the price of a claim to aggregate output relative to current output plays an
important role in our analysis as it impacts the size of the coefficients on x; and z,, in
equation (21). We now conduct a sensitivity analysis of our measurement with respect to
this key parameter 3. We present the results of this exercise in Figure 13. When we conduct
our sensitivity analysis to alternative choices of PY /Y below, we do not change the parameter
a, but we re-estimate p and ¢.

In the left panel of this figure, we show in red the estimate of z; when % = 25, rather
than our baseline value of % = 50. In this case, we estimate p = 0.840 and ¢ = —0.146. In-
tuitively, the model infers a less negative risk premium term to rationalize the same observed
sequence for x; with a lower value for 5. We see in this figure that the implied fluctuations in
the expected long-run share of factorless income needed to account for the data on the valu-
ation of factorless income are roughly twice as large as in our baseline case. This implication
of our model arises because, with these parameters, the coefficient on x,, in the valuation
equation is less than half its value with our baseline parameters.

In the right panel of this figure, we show in red the estimate of x; when % = 100. In this
case, we estimate p = 0.899 and ¢ = —2.603. Intuitively, the model infers a more negative
risk premium term to rationalize the same observed sequence for x; with a higher value for S.
We see in this figure that the fluctuations in the long run expected value of factorless income
needed to account for the data on the fluctuations in the valuation of that income are quite
small. This is because, with these parameters, the coefficient on z; in equation (21) is now
91.9. As a result, in this case, we find substantially less variability in our estimate of x; than
we did in Figure 11.

The main implication of these results is that if the price-dividend ratio for a claim to
aggregate output is large, then relatively small shifts in agents’ expectations for the share of
factorless income in the long run are sufficient to account for the observed variability of the
value of a claim to factorless income relative to output. Thus, the answer to the question of
whether there is “excess volatility” of the market valuation of U.S. corporations relative to
the volatility of their cash flows to owners of these firms is contingent on what assumptions

one makes about this price-dividend ratio of a claim to aggregate output.
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Figure 13: Left Panel: Share of Factorless Income x; in U.S. Corporate Gross Value Added
(blue) and Expected Long-Run Factorless Income Share x; (red). Expected Long Run Share
Calculated at % = 25. Right Panel: Share of Factorless Income x; in U.S. Corporate Gross
Value Added (blue) and Expected Long-Run Factorless Income Share x; (red). Expected
Long Run Share Calculated at % = 100.

7 Returns to Capital

We now turn to an exploration of returns. Expected returns to a real risk free bond, to a

real GDP bond, to capital, and to factorless income firms satisfy, respectively:

= (L+1])E [Mys1a],

= E [My(1+11)],
= B [Myena(1+7154)],
= Ei [Mya(1+ )] .

—_ = =

In constructing our valuation model for factorless income, we imposed assumptions on the
pricing kernel M; 4, such that the equilibrium price of a real GDP bond is PY = %GVAt

and thus the realized return is

PLi+GVAL  1GVA,
PY B GVA,

1“‘7’211:
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The realized return to factorless income is

Vi
GV A Gva,; T e

GV A, %

Substituting in valuations VI'/GV A; from equation (21) gives

TZ;Lp(’itH — Ty1) + %l’tﬂ + ¢+ K

153_;’)(/% —x) + %xt + ¢

GvA
i =G,

From the laws of motion for x; and x;, the expected return is

GV Ay @
E[1+/1,] = E, {_tﬂ} @

GVA, | B’
where )
p(ke — ) + %xt +(1—=8p) ¢

p(ke — x¢) + %% + I_Tf%

(I)t:

Note that if the risk premium term ¢ = 0, then ®; = 1 and the expected return to
factorless income firms is identical to the expected return to a real GDP bond. If ¢ < 0
and 8 < 1 (as in our baseline calibration) then ®; constitutes a wedge between the expected
return to factorless income firms and the expected return to GDP bonds. If the price Vi is
positive, then both the numerator and the denominator in the expression for ®; are positive,
in which case ¢ < 0 implies ®; > 1. Thus, the expected return to factorless income firms
exceeds the return to a GDP bond. Intuitively, if x; share risk is priced, then investors
demand higher expected returns to hold claims to it.

The gross realized return to capital is given by

VA + FCFE,

VtK
Rﬁ.th#»l GVAt+1
_ 1 (1 +¢ ) GVAi+1 GVA; Qt+15 |+ (1 P )Qt+1
— 1y - 1 - t+ - 1)~
(1= A7) " bt Q Q
where
L
R{ithH ("ft+1 - Tt+1)

i o St 1— 75 ) —
GV Ay a | ( Tt—i—l) 1- th+1)

Computing the expected value of this expression, 1 + [E, [Tfil}, requires specifying a
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independent, and that for every tax parameter E; [1,41] = 7. We assume E; [0;11] = J; and

) . We assume all these variables are

Q¢
of investment goods. The expected value for ;1 is equal to pry + (1 — p)z;. We allow

E, [Qt“] = g, where gg is the sample average gross growth rate for the relative price

expected real growth in value added to vary over time, and we set the conditional expectation

GV Ar
K, [ GV A,

return to a GDP bond.??

} at each date t such that the expected return to capital is equal to the expected

1 + Et [7"5_1} =1 + Et [Tz:_l] =

e [GVAM] | 25)

8| GVA,

The left panel of Figure 14 plots realized returns to capital alongside expected returns,
computed as just described. As one might expected, expected returns track realized returns
closely. The main source of volatility in realized returns to capital is valuation effects asso-
ciated with changes in the relative price ;. Expected returns were very high around the
end of World War II, and subsequently declined fairly steadily. The right panel of the figure
plots expected real growth in gross value added against realized growth. Absent an expected
return differential between capital and GDP bonds, expected growth in real value added is
simply f = 0.98 times the expected return to capital. Thus, we infer expected growth in
value-added declined from around 5 percent per year in the 1960s to around 2.5 percent per
year at the end of the sample period. The series for expected growth inferred from returns

tracks actual growth fairly closely, although the average return is slightly higher.

23The logic underlying this choice is that neither GDP bonds nor physical capital are especially risky assets
— one could imagine a small relative risk premium in either direction. We have also constructed a series for
the expected return to capital assumed a constant expected growth rate for gross value added. The resulting
series looks near identical, which reflects the fact that the return to capital is not very sensitive to output
growth.
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Figure 14: Left Panel: Realized and Expected Real Returns to Capital. Right Panel: Realized
and Expected Growth in Real Gross Value Added.

Figure 15 plots expected returns to capital and expected returns to enterprises, where the

latter are computed as
B[] = Yo (] + S ]
t t

The expected return to enterprises tracks the expected return to capital closely. The fact
that the expected return to enterprises exceeds the expected return to capital reflects our
choice for the capital share parameter .. Recall that a higher value for o implies that a larger
share of income accrues to capital, reducing returns to capital. At the same time, the choice
for a does not affect the total return to enterprise value, which is measured straight from
the data. Our baseline choice of o = 0.29 implies that the average log return to enterprises

minus the average log return to capital is 0.0102.
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5 Expected Real Returns, Enterprise and Capital
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Figure 15: Expected Real Returns to Enterprises and to Capital.

Given a common pricing kernel, the expected excess return to physical capital relative to

a risk free bond is given by
Et [Ttlil} — T’tf = —(1 + T{)COUt (Mt,t—i-la (]. -+ Tfil)) (26)

where the term on the right side of this equation is the risk premium on physical capital. If
this risk premium has been relatively stable over time, one would expect a stable differential
between expected returns to capital and the risk free rate.

Figure 16 plots the difference between the expected return to capital and the rate on 3
month T-Bills. Returns to capital greatly exceeded safe returns during the 1940s, but the
return differential appears fairly stable at around 5 percentage points during the 1960s and
70s. In the early 1980s the differential fell to around zero, as the Federal Reserve pushed
up short term rates to combat inflation. But from the 1990s onward, the differential again

appears fairly stable at around 5 percent.
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Figure 16: Expected Return to Capital Minus Short Run Treasury Rate. 1929-2023.

We conclude that our decomposition of cash flow between income to capital and factorless
income yields a plausible time path for the after-tax return to capital, with a downward trend
in expected returns over time that broadly tracks measured declines in safe rates. The return
to capital declines because free cash flow to capital has been declining (Figure 9) while at the
same time the price of capital has been gradually rising from around 1970 onward (Figure
10). At the same time, the calibrated model implies a path for expected returns to factorless
income firms such that the total expected return to corporate enterprises closely tracks the
expected return to capital, with a positive and relatively stable risk premium.

Thus, the observed series for corporate free cash flow, for enterprise value and for capital
investment are all mutually consistent with a model in which all expected returns have been

relatively stable over time, and have all trended downward over time.

8 Conclusion

In this paper we have explored the hypothesis that the data in the Integrated Macroeconomic
Accounts form a useful unified data set for work in macroeconomics and finance. To illustrate
the potential utility of this data set, we first explored the correspondence between measures of
returns and valuation in these IMA data with corresponding measured obtained from public
firm data. We then used these data to revisit some important questions in macrofinance
regarding the drivers of the volatility of the market valuation of U.S. corporation using both
Campbell-Shiller regression analysis and a simple valuation model comparable to that in

Shiller (1981). Finally, we developed a simple variant of a standard stochastic growth model
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to provide an accounting of the relationship between the realized returns to physical capital
and financial claims on firms and used that to raise a new puzzle regarding the observed
trends in returns on physical capital in the United States.

This paper is structured as an exploratory tour of the rich information in the Integrated
Macroeconomic Accounts. Clearly more research will be needed to resolve any one of the
issues we have raised using these data. It is our aim to do that more focused study in
subsequent papers. We hope readers of this paper will be motivated to use the Integrated
Macroeconomic Accounts to address these and other macro-finance questions in their research
so that we might finally have a full reconciliation of macroeconomics and finance based on a

common set of data.
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Appendices

A Data Appendix

In this appendix we list the sources for the data used in this paper. We make reference to
four main sources of information. There is often considerable overlap between these data
sources.

A.1 Aggregate data

e Integrated Macroeconomic Accounts (IMA) Tables S5 and S6 for the Nonfinancial Cor-
porate and Financial Sectors respectively. These tables present flows from 1946-2022
and end of year balance sheets from 1945 to 2022. These tables can be found towards
the back of the publication Z1 Financial Accounts of the United States (previously
known as the Flow of Funds). They can also be found on the website of the Bureau of
Economic Analysis.

e National Income and Product Accounts (NIPA) Table 1.14. This table offers annual
data on gross value added and the breakdown of income into components for the cor-
porate sector from 1929 through 2022. We also refer to other tables from the NIPA
and refer to them with this abbreviation.

e Fixed Assets (FA) Tables 6.1, 6.4, and 6.7 which offer data on investment, consump-
tion of fixed capital (depreciation), and year-end capital stocks for the non-financial
corporate and financial sectors from 1929 to the present.

e Various tables from the Financial Accounts of the United States which we refer to by
the abbreviation FOF and the table number.

We now describe our specific data sources.

The following series for the corporate sector 1929-2023 are taken from NIPA Table 1.14.
These data series are also available broken down for the non-financial corporate and financial
sectors separately on NIPA Table 1.14 and on IMA Tables S5 and S6. These tables are
updated on different schedules, so the source with the most up to date data depends on the
time of year. Small differences between these two data sources may exist due to different
accounting standards for the NIPA and the IMA. We list the line and table numbers for these
series below.

o Gross Value Added. NIPA Table 1.14 Line 1. See also IMA Tables S5 FA106902501.A
and S6 FA796902505.A

e Tax Payments are the sum of three lines from NIPA Table 1.14. These are line 7, Taxes
on production and imports less subsidies, line 10, Business current transfer payments
(net), and line 12, Taxes on corporate income. See also IMA Tables S5 FA106240101.A,
FA106403001.A, FA106220001.A and S6 FA796240101.A, FA796403005.A, FA796220001.A
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e Compensation of Employees. NIPA Table 1.14 Line 4. See also IMA Tables S5
FA106025005.A, FA796025005.A

e Consumption of Fixed Capital. NIPA Table 1.14 Line 2. See also IMA Tables S5
FA106300003.A, FA796330081.A

We obtain data on investment expenditures (gross fixed capital formation) by the cor-
porate sector from two sources listed below. Small differences between the data on Fixed
Assets Table 6.7 and IMA Tables S5 and S6 for the period for which they overlap are due to
different accounting standards for the two accounts.

o Investment 1929 - 1945. Fixed Assets Table 6.7 line 2

o Investment 1946 - 2022. The sum of IMA Tables S5 line FA105019085.A and S6 line
FA795013005.A

We obtain data on the reproduction value of the capital stock in the corporate sector from
two sources listed below. It is important to note that the value of nonfinancial assets listed
on the balance sheets of Tables S5 and S6 include measures of the value of land, which we
exclude from our model. Thus, we do not use those measures. Instead we use the following
sources that are restricted to fixed assets.

e Capital 1929 - 1944. Fixed Assets Table 6.1 line 2

e Capital 1945 - 2023. FOF Table L4. Sum of lines FL105015085.A and FL795013865.A
We obtain data on enterprise value of the corporate sector from two sources.

e For the period 1945 - 2023, we use balance sheet data from IMA Tables S5 and S6.
These series are constructed for the Nonfinancial corporate sector as the difference
between the line Total Liabilities and Net Worth minus the line titled Financial As-
sets. The construction is the same for the Financial Sector using Table S6. These
series for enterprise value are reported on FOF Table B1 in lines LM102010405.A and
LM792010405.A. We use these series from Bl1.

e For the period 1929 - 1944 we use data from the 1945 Statistics of Income Part
2 available here https://www.irs.gov/pub/irs-soi/45soireppt2ar.pdf. We use
data from Table 20 on page 420 of this document (page 425 of the PDF). For financial
assets, we use Total Assets on line 9 less Capital Assets on line 7. For liabilities, we
use Total Liabilities on line 21 less Capital Stock Common on line 17. For the market
value of equity, we use the total market capitalization for the CRSP Value Weighted
Index.

We use two sources of data on the market value of corporate equities. These are

e 1929-1944: CRSP Value Weighted Index Total Market Capitalization
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e 1929-1944: FOF Table L.224 Nonfinancial Corporate Equities LM103164105.A for both
public and closely held and LM103164115.A for public alone plus Financial Sector
Corporate Equities LM793164105.A less equities issued by Closed End Funds from
FOF Table L123 LM554090005.A and by ETF's from FOF Table L.124 FA564090005.A.

We use two sources of data on dividend payments. We pay particular attention to dis-
tinguishing between dividends as reported in the IMA (and other places) and monetary
dividends paid. One of the big distinctions between these two concepts concerns the treat-
ment of dividends on foreign direct investment which are an accounting entry and not a
measure of dividends paid. Note, however, that our measure of dividends does include cash
dividends paid on foreign direct investment in the U.S. Our sources are

e 1929 - 1945. NIPA Table 7.16 line 31 (Dividends paid in cash or assets, IRS), plus line
32 (Post tabulation amendments and revisions), less line 33 (Dividends paid by Federal
Reserve Banks).

e 1946 - 2022. NIPA Table 7.10 line 2 (Monetary Dividends Paid Domestic Corporate
Business) less line 4 (Paid by Federal Reserve Banks).

We use two sources of data for returns on corporate equities.

e 1929-1945. Returns without dividends are set equal to returns without dividends on
the CRSP Value Weighted Total Market Index. The dividend return is computed as
the ratio of dividends paid in year ¢ + 1 to the value of corporate equities in year t.

e 1946 - 2022. Returns without dividends are set equal to the ratio of the sum from Table
S5 of revaluations of nonfinancial corporate equities FR103164105.A and non financial
foreign direct investment in the U.S. FR103192105.A and from Table S6 revaluations
of financial corporate equities FR793164105.A and financial foreign direct investment
in the U.S. FR793192105.A to the sum of the corresponding levels of these variables
at the end of the previous year: from S5 LM103164105.A + FL103192105.A and from
S6 LM793164105.A + LM793192105.A. Returns with dividends adds to this return the
ratio of dividends in year ¢ to the value of corporate equities plus FDI equity in the
U.S. in year t — 1.

A.2 Compustat data

For producing the Compustat lines in figures 5 and 6 we restrict the Compustat sample as fol-
lows. First we select only firms incorporated in the United States, we then drop observations
for firms which report their 10k in financial services format, observations for which there is
no year information or for which a firm year is duplicated. That leaves us with a sample of
316562 firm/year observations over the 1988-2023 period. Free cash flow is computed (fol-
lowing Adame et al. 2023 ) as Operating Activities—Net Cash Flow (OANCF) minus capital
expenditures (CAPX). Enterprise value is computed as Total Market Value (MKVALT) plus
Total Liabilities (LT) minus current assets total (ACT), which includes cash and other short
term investments, receivables, inventories, and other current assets.
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B Data Statistics from 1945-2022

In this appendix, we include additional data plots and focus on data series starting in 1945.
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Figure B.1: Enterprise Value (left axis) and the Market Value of Corporate Public Equities
(right axis) over Gross Value Added. 1929-2023

The Integrated Macroeconomic Accounts start with measures of end of year balance sheet
items in 1945. In this section, we report statistics computed using only the data from these
accounts.

Table B.1: Mean and Standard Deviation of Real Log Returns and Log Dividend Growth on
Enterprise Value, IMA Equity, and CRSP Value Weighted Portfolio

Return Time Period Mean Return Std Return Std D growth
Enterprise Value 1946-2022 0.08 0.132 0.279

IMA Equity 1946-2022 0.082 0.15 0.15

CRSP VW 1946-2022 0.069 0.172 0.132
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Figure B.2: Left Panel: Realized Returns on Enterprise Value vs. CRSP Value Weighted
Return 1946-2023. Right Panel: Realized Returns on IMA Equity Value vs. CRSP Value
Weighted Return: 1946-2022

C Appendix on Effective Tax Rates

net pretax
Let rif and 7,

before taxes:

denote net real returns to capital between ¢ and ¢+ 1 including taxes and

(1 - th+1) R{il — Q410141 (1 - )\t+17tC+1) Q41

7,net — _ 1,
T A=) Q: L=N7f)  Q
pretax Rz{il B Qt+15t+1 Qt—i—l .
Tt+1 - Q + Q ]'
t t

Define the effective tax rate on capital at ¢ as the value for 7/ that satisfies
By [Mygrr (L+ (1 —70)r{i7")] = B [Mygga (1+7757)]
If we assume zero correlation between returns and the pricing kernel, we have
(1= 79)E, [ri7 "] = B [rist]

and thus

By [r7i7™] — B [rif]

t+1
E ]
which is the conventional way the marginal effective tax rate is defined (see, e.g., line 4 in

Table 1 of Fullerton 1983).
In computing expected returns, we assume that all the tax parameters (77, 7¢, 7% and \;)
are expected to remain unchanged between ¢ and ¢ + 1.

€ _
Ty =

o6



Then

Rt}ith-I—l GVAH_1

1—77) E, [ GVA1 GVA ] [Qt 1 Qi1
E Tnet ( t o E + 5 L + E + . 1,
¢ [ (1= \r?) Qe T T L@
RE | Kiy1 GVA
R vl I 0
E T,pretaac _ t+1 t _F |: t+15 1 + E { t+1:| _1
t [ t+1 ] Qé{le t g, O ‘7,

Plugging these expressions into the formula for the effective tax rate gives

TE—=MTf
e lfAtth
Qi1 ] _
IEt[ L]

pretax Qt+1
Ee[rp 3 41— [Tt]

When the expected gross growth rate for the relative price of investment is equal to one,
this expression simplifies to
TE — MTY
1 - Atth ’

Note that when A = 0 (no expensing for net investment), the effective tax rate is equal
to the statutory one: 77 = 7.
When A =1 (full expensing for net investment), the effective tax is zero.

€ __
T =

Q41
Q¢
and equal to the average observed value over our sample period. The expected net pre-tax

interest rate E, [rf}7"] is computed as described in the text.

The series for 77 plotted in Figure 7 is constructed assuming that [E; [ } is constant

D Appendix on Value of Capital

The firm that owns and manages the physical capital stock takes as given an initial capital

stock K; and chooses future capital {K;,;} and after-tax free cash flow payable to owners
{FCFL,} for k > 1 to maximize

FCFK +VE
where -
VX = By [Myy FCFS,]
k=1
and

FCFE, = (1 —770) (R — Quendesr) Koo — (1 — Megn 1) Qe (Ko — Kir) -

The first-order condition with respect to K; 1 is

Eepn [Mrorrir [(1 =77 000) (RE g — QuensrSeinsn) + (1= Xeprar 7o) Qerns] ]
= Mt,t+k(1 - )\tJrthc—i-k)QtJrk' (27)
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Multiplying through by K; r.1 gives

Eoin [Mygrnsr [(1 = 7in) (RS, — Quan10einr1) Ko + (1= N1 7o) Qi1 Kerorn ] |
= Myyin(1 — MgnT ) Quak K1 (28)

The value of the firm managing the capital stock is

= ZEt [Mt,t+k [(1 - th+k) ( t+k Qt+k5t+k) K+ (1 - >\t+th+k)Qt+th+k - ( - )\t+k7f+k)Qt+th—1
k=1

Using the equation (28), we can see that the term — M, ;4 (1 =Ny 75 1) Qe i1 cancels

with By [Myenrn [(1— 78 p) R pn Kerrn + (1= Mg 1) Qe (1 — i) Keiga ] |
and so on moving up through time. The logic is that the value of free cash flow at ¢ + k that
is sacrificed to increase next period capital must equal the expected value of the income plus
resale value of that capital at ¢t + k + 1.

The only term that is left is

VI =E [Mygr [(1—7600) (RE ) — Qre10is1) Kosr + (1= Aesa 7)) Qe Ko ]|
or, using equation (28) again, we have
VE = (1= M) Qi Ko (29)

Note that if \; = 1 (full expensing) then investment is not distorted, but firm value is
depressed by (1 — 77).

If Ay = 0, then investment and capital depressed when 77 > 0, but the value of the firm
is the replacement cost of its capital.

Note that one way to check that this is the right expression for valuation is to show that
it gives the correct expression for the after-tax return to capital:

FOFY, + V5 (1= 770) (REL = Quiadin) Koy — (1= Mepa 7)) Qe (Ko — Kiga) + (1= Ma700) Qe
Ve (1= M70)Qi K1

(1= 70) (B — Qendent) Ko + (1= M 70) Qe Kot
(1 — N7 )QthH
Rf{ L C t
(1— th+1) ( Qtl - %6t+1) +(1-— /\t+17't+1)%
(1 - )\tTtC)

which is the same as the return expression we derived earlier.

E Appendix on Pricing Kernel and Pricing Formulas

We start this section with proofs of Lemmas 1 and 2 and then present a general essentially
affine model of the pricing kernel and a solution of that model. Here we will use Y as more
compact notation for GV A.
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E.1 Proofs of Lemmas 1 and 2:

Proof of Lemma 1: By definition, the ratio of the price of a claim to output one period
ahead to current output is given by

PtY(l)

Y,

Y,
—E, {Mt,m t“] .

Y,

Assume that this ratio is constant over time at a value § = £ ;(1). We then have

PtY(Q) _E Yit Pti(f) — 8K, | M, Yi _ 52
% t t,t+1—Y;t Yirs t tt+1 Y, )

where the first equality is by definition, and the second and third by the assumption that a
price to a claim to output one period ahead relative to current output is constant over time.
Iteration on this argument proves that

which then proves the result.

Proof of Lemma 2: We have that a price to a claim to factorless income at horizon k
satisfies the recursion

k
VI Y Vi
Y, y, Yii

with 1)

Vi
v,
Applying this formula for £ = 1 gives
y R Y, Y, Y,
tY; = ]EtMt,t+1 ;:1 Rt4+1 = EtMt,tH%Et"ftH + Couvy (Mt,t+1%tla Ri4+1 — Et/ft+1) =
B, M, R Couy [ M,y 221 = SE C+D
¢ M 11 Y, tker1 + Covy tt+1 Y, s Eritl T o1 | = BBk + C +

where we have imposed our assumptions that both f = PY(®/Y and the conditional co-
variance in this expressions are constant over time. We then prove the lemma by induction.
Assume the conditions of the lemma and

) k—1
tY = B"Eikipr + BF (Z p°C + kD)
t s=0
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Use the recursion to get

th(k+1) e Yo ‘/;fl-_"[-(lk)
Y, Y Vi
k—
o Y;+1 k k—1 . s
= EMi v B Eiy1kiky1 + 5 (ZP C + kD)
t s=0
_ k Yi k Yii
= ['EMip v Eiktqrr1 + B7°Covy Mt+17aEt+1/€t+k+1 — Eifttr1
t t
k-1 v
k—1 s t+1
C + kED)E. M,
+ (;11 + kD)E, Ty
v k-1
= B Eikrinr + 8Covy (Mt—l—l%la preniin + 6x,t+1> + 5’%2 p°C + kD)
¢ s=0

k
= B"'Eikpprr + ﬁk<z p’C+ (k+1)D)

s=0

which proves the result.
Note that we can derive equation (21) from

n o ok
e :Zﬁk [Pk(“t—xt)+37t] + gt ((11 _pp>C'+kD)

E.2 Full Model of Pricing Kernel

We now turn to developing our full model of the pricing kernel that allows for time-varying
risk premia. We use the notation in Section 8.3 page 247 of Campbell’s textbook.

We start with a specification of the dynamics of the state variables and the pricing kernel.
We then develop formulas for the prices of claims to zero coupon bond, zero coupon claims
to aggregate output, and zero coupon claims to factorless income.

E.2.1 State Dynamics and Pricing Kernel

There is a column vector of state variables x;, of length N. This vector includes observable
outcomes and, potentially, unobserved latent states. All macroeconomic dynamics that we
take as exogenous need to be in this list of state variables as well as any states we need for
asset pricing.

This vector of state variables has dynamics given by

Tir1 = (I)[L't -+ E€t+1 (30)

Here ® and ¥ are N x N matrices, and ¢ is an N x 1 vector of independent standard
normal random variables.
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For asset pricing, we are interested in the dynamics of two random variables. The first is
the log SDF m; 1, whose dynamics are given by

! 1 ! /
myp1 = —(0p + 8j2¢) — éAtAt — N (31)

Here dg is a scalar, and §; and A; are N x 1 vectors.
The vector A; controls the conditional variance of the pricing kernel. This vector is given
by
At = Eil ()\0 + )\1%}/) (32)

where A\g is an N x 1 vector and A; is an N x N matrix.

We are interested in using this framework to price the following in our model. We wish to
develop formulas for real interest rates (both short and long), for the value of a claim to real
after-tax output of the corporate sector, for a claim to factorless income, and for the capital
Euler equation governing the choice of end of period capital over output.

E.2.2 Pricing Zero Coupon Bonds

Our general framework offers a model for the prices of real zero coupon bonds as described
in Campbell as follows. We price a claim at time ¢ to one unit of consumption at time ¢ + k.
We denote this price as Pt(k) and solve for it from the recursion

Pt(kﬂ) =E, eXp(th)Pﬁ)l

starting from Pt(o) = 1. The log of these bond prices, denoted by pgk) = log(Pt(k)) has the
form
P = A+ B (33)

with A, a scalar and B, and N x 1 vector with A; = —dy, B; = —91,
By, =Bj_ (= M) — 0}

and |

These expressions are presented in Campbell and can be derived along the lines of how
we derive the price of a claim to output below.

E.2.3 Pricing a Claim to Output

We now turn to pricing a claim to output. We denote the price of a claim at ¢ to aggregate
after-tax output at t + k by Pty(k). Note that these prices satisfy the recursion

PtY(k—i-l) Y PtY(lk) PY(lk)
= E;exp(m L —E,exp(musr + g s
}/; t ( t+1) }/; Y;+1 t ( t+1 Y,t-‘rl) }/;+1

This recursion looks the same as that for zero coupon bonds, but now we have the price
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. pY+ .
to output ratio ~ instead of the zero coupon bond price

7 Pt(kH) and we have the sum of

the log SDF and output growth my.1 + gy,41 instead of simply m;y;. Thus, we look for a
solution of the form

pY®)
pdf(k) = log ( th = Cy + Dyxy

To derive this solution, we specifically assume that the dynamics of output growth are

given by
1

gyvi1 = Yo + NPt A+ Myery1 — 577;779 (34)

where 7y is mean log output growth, v, is a vector indicating how expected output growth
varies with the state, and 77; corresponds to ;X relevant for impulses to output growth.

Lemma: The solution for these prices is given by
PtY(k:)
Yi

= exp (Cy + D) (35)

with Cy = 0, D)) =0,
Dy, = =0y = 71) = 1,57 M+ Dy (P = \y)
and )
Ck = Ck,1 — (50 — "}/0) — T];Eil)\o - D;Cfl)\o + §D;€7122/Dk,1

We derive this formula in section E.4.
Note that the expected return on a claim to output one period ahead is given by

Y,
— B, exp(gy,+1) = exp(—C1 — Dizy + v + 112¢) =
PO

exp (0o + 0z + 15" (Ao + Aixy))
Important Lemma: If
0= =) +nS"'\ (36)

then the price dividend ratio for a claim to output is constant no matter what else is going
on with asset prices.

Proof: From the recursion for Dy, since we start with Dy = 0, these conditions imply
that Dy = 0 for all k. This then implies that

pY®)

= exp (Cy) (37)

t

which is constant. Note that in this case

Cr =k [=(60 — 70) — 157" Ao]
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and the ratio of the value of a claim to output relative to output is given by a constant

B__ 1
Y, 1—exp(Ch)

Interpretation What does the condition
0= (6 —7)) + 77;275\1

mean? The vector 0] governs how the risk free interest rate moves with the state x, and
the vector ] governs how the conditional expectation of the growth of log after tax output
moves with the state x;. Thus, 0] — 7} governs how r — g relevant for pricing a claim to
output one period ahead moves with the state x;. The vector 77;2*1)\1 = 0 governs how the
risk correction to a claim to output one period ahead moves with the state x;. Thus, the
condition of the lemma is a condition that all observed movements in the gap between the
risk free interest rate and expected growth of after tax output are movements in the risk
adjustment on a claim to after tax output one period ahead. This is a general version of the
assumptions we made in the baseline case in the prior set of notes. If one were to estimate
this model, we believe that this is a restriction on parameters that one could impose on the
estimation and then check whether it is rejected or not.

E.2.4 Pricing claims to factorless income

Now we turn to pricing a claim to factorless income. The price at t to a claim to factorless
income at t + k + 1 satisfies

/D) k

t

Yy, - E; exp( g Miysi1 + Gitst1)Kerh1 =
t

s=0

k k
E; exp( E Mytsr1 + Gyirst1)Eehpeyr + Covy <6Xp( E Migst1 + Gyitst1) Ht+k+1>
s=0 s=0

This argument gives us a key pricing relationship for a claim to factorless income at
horizon k + 1

pIG+)  pY (kD) k
L =t Eikiri1 + Covy eXP(Z Mipst1 + gY,t+s+1)> Ritk41 (38)

Y, Y —~

The value of a claim to factorless income at ¢ is then given by the sum of these terms across
horizons k

pY(k+1)

k

VH

YL = E tT]Et/ftJrkH + Cou, (exp( E Mipsy1 + gY,t+s+1)7 Fét+k+1>
t k=1 t s=0

Thus, the price of a claim to factorless income at horizon k + 1 relative to output can
move for three reasons. First, the price of a claim to output at horizon k£ + 1 relative to
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output at ¢ given by Pty;iﬂ) might move. Second, the expected factorless income share might
move. And third, the risk premium in the covariance term might move.

We look to develop an analytical solution for the price to a claim to factorless income
by making use of the following formula. If x and y and z are independent standard normal

random variables and a, b, ¢, d are scalar constants, then

Eexp(ax + by)(cx + dz) = caexp((a® + b*)/2) (39)

We derive this formula in section E.5. It is a special case of Stein’s Lemma. Note that since
z,y, and z all have mean zero, E exp(ax + by)E(cx + dz) = 0 and hence

Cov (exp(ax + by), cx + dz) = caexp((a® + b?)/2)

Also note that if € is an N x 1 vector of independent standard normal random variables and
A and B are N x 1 vectors, then

E exp(A’e)B'e = exp (%A’A) A'B

We use this version of this formula below.

We proceed as follows. We assume that the share of factorless income in after tax output
k¢ is one of the elements of the state vector and z; is another element of this vector. Assume
that 1 and the matrices ® and X are consistent with

Kip1 = Ky + T + 1,641 (40)

Tip1 = pry + O €41 (41)
These equations imply that

1— k
Etkiipr1 = ke + ( pp ) Ty

and
Ty

L—p
Thus, we can consider the gap between the expected share of factorless income from next

period on to converge to its long run value at a rate p with the initial gap being l%tp
To solve for the value of factorless income, we have the recursion

k
Eikitoo — Etkipnp1 = p

G+ TI(k)
L Y, = E, exp(mis1 + gy i41) ;:1
with
VH(O)
t —
Y,
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Lemma: The price for a claim to factorless income at horizon £ is given by

= (Eiftgr + Fr + Gly) (42)

with Fy = 0 and G}, = 0 and
F=Ga (2= M) =+ 0,)5 "N
and
Fy = Fea 4+ G+ (0 + 05+ Gy D) (5'Diy — 57 A0 +1)

Proof: In subsection E.6

Important Special Case: Assume condition 36 holds so that D, = 0 for all k& the
prices of claims to output at different horizons are all constant at those given by equation
(37). Assume as well that (r, + 6,,)%7*A\; = 0 so that the risk on factorless income share
shocks is independent of the state vector x;. Then G), = 0 for all k£ and thus

Fk: —= k’ (1’]; + 9;&) (—E_1>\0 + 1’]9) —= ]{,’Fl
In this case, we have

L/ S
Y, 1—exp(Ch)

Tt 1 T exp(Cl)
- F
[Rﬁ 1—0} T—pexp(C)T—p (T = exp(C1))?

E.3 The Euler Equation for Capital

The Euler equation for capital plays a key role in our model. To solve the Euler equation,
we assume the dynamics of the capital price ; are given by

1
log(Qr41) —10g(Qr) = Co + (124 + Ngersr — 577297762

where (y is mean growth of ), (7 is an N x 1 vector indicating how expected growth of @),
varies with the state, and 7, corresponds to (13 relevant for impulses to the growth of the
capital price.

This is given by

Lemma: Capital Output Ratio

QiK1
Y,

pYO  yu
Y Y:

a
1 — (1= 6441) exp(Hy + Jjxy)

= (43)

with
Ji=—(01—¢) =X\
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and
Hy = —(80 — Co) — npX"" o

where we have used the formulas for the price of a claim to output and to factorless income
one period ahead in our Lemmas above.
Proof: See Subsection E.7

E.4 Proof of Formula (35)

We have the dynamics of output growth given by

1
Gyi1 = Yo+ NTe + Myl — 577;779
where 7y is mean output growth, ~; is a vector indicating how expected output growth varies
with the state, and 7, corresponds to ;X relevant for impulses to output growth.
From equation (31), we can write

M1 + gy = — (00 — 70 + (6 — 1)ze) — %AéAt — (A} —mg)era — %ﬁéﬂg (44)
The recursion that we need to solve for C and Dy, is
exp(Cy + Dyry) =
E; exp (—(50 — 0 + (61 —Y1)ze) — %A;At — (A} = mp)€r — %77;779 + Cho1 + Dy (0 + Pz + E€t+1))

Note that the conditional variance of this term in parentheses is given by
(A; — T]; — 2_12)(/\75 — 779 — E/Dk—l) = AéAt — 27’];At — QD;C_IEAt + 77;779 + DZ:—IEE,Dk:—l

Using the standard expectation of a log normal random variable formula to compute the
expectation, we then get the recursion that

Cr + Dyy = —(80 — Y0 + (81 = 71)4) + Cror + Dy (4 Py — Ao — M) — 1,27 (Ao + Mizy)

1
5D 1 E8Diy

Matching terms on x, gives the recursion for Dj and then matching constants gives the
recursion for C,.

E.5 Proof of Formula (39)

One can prove this formula using the moment generating function for normal random vari-
ables. In particular, we start by computing for a normal random variable

1
E exp(atz) = exp(atu + §a2t202)
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We then have

d 1
Eax exp(atz) = E% exp(atx) = exp(aty + §a2t202)(au + ta’o?)

If we evaluate this expression at ¢ = 1 with 4 = 0 and o = 1 for a standard normal, we have

1
Eazx exp(az) = exp(§a2)a2

we multiply by ¢/a to obtain

1
Ecx exp(az) = exp(§a2)ca

We then have
E exp(az + by)(cx 4+ dz) = Eexp(by)Ecx exp(ax) + E exp(by)E exp(az)Edz

by the independence of x,y and z. Finally, since Ez = 0 and Eexp(by) = exp(%bQ) we get
equation (39).

E.6 Proof of Formula 42

We solve for the coefficients Fj, and Gj, as follows.

We have "
Py (Eikiirr + Fr + Gpy) =
Y, tht+k k kLt) =
(k—1)
E; exp(mys1 + gyee1) ;;tﬂ (Es16en + Fr1 + Gp_ymiqn) =
t+1
Pl
E; exp(mys1 + gy,41) v - (Et’ft+k + Fp_1 + G;_1Et$t+1) +
t+1
Pl
1D exp(th + gY,t—f—l) % - (Et+1/ft+k — Eikppr + GZ—l (It+1 - Etl't-&-l)) =
t+1
P(k—l)
Y;ft (Eekirn + Fro1 + Gy (1 + D)) +
Yor
E, exp(mest + gvir1) = (O, + 0,1 + Gl D)
t+1

where we have use the results that

/ /
Ei1b60n — Eekipr = (0 + 0., ) €141

and
Tep1 — Eprp g = Yery
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We then can expand terms to get

Py :
P&
;//,t (kal + G;,l (/L + CIDxt)) +
t

1
[E; exp <—(50 =0 + () —y)we) — §A2At — (A = m)err1 + Cr1 4 Dy (1 + Py + E€t+1)> X

(1. + 0 + G\ 2) €141 =

(k)
;t (Fk—l + G;C_1 (N + CDCL't>) +
t
P
Dt (4 0+ GLLD) (D = 57 O+ ) )

We can use this equality to get formulas for the coefficients G, and Fj. Matching terms
on r; gives

G =G (D= X)) — (., +6,,)5 "'\

Matching constant terms gives

Fy=F1+ G p+ (. 4+ 0, + G 1Z) (' Dy — 7 g + 1)

E.7 Solution of the Capital Euler Equation:

To prove this result, note that the capital Euler equation can be written as

1 =Lk exp(th)YtT:la(l — Kit1) QJYQH + E; exp(mys1)(1 — 0441) ng
Note that this equation can be written as
pY® I
QthH:a (Yt - Yt>
Y; 1 — By exp(mesr) (1 — 6,41) %5

Note also that, given our timing assumption regarding the realization of the depreciation
rate and the dynamics of @), the term

Qe
o

We then have from our assumed dynamics for capital that

E, exp(mt+1)(1 —0141) =(1- 5t+1)Et exp(mes1 + 9Q,t+1)

B¢ exp(myi1 + goir1) = exp(Hy + Jizy)
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with
Ji=—(0) = ¢) — XA

and
Hy = —(00 — Co) = np=""No

F Comparison to Shiller (1981)

Here we compare an old-style Campbell-Shiller excess volatility test with what we do on our
paper.

We assume that in the data, we have a time series for the realized share of factorless
income denoted by P where the superscript D denotes the data and the dates span from
t =0 to T + 1. We assume that we have data on the ratio of the value of factorless income
to output denoted by

V;H,D
Yy

where again the superscript D refers to data.
We model the value of factorless income as

‘/;H,*
Y

[ee]
= ﬁkEt“:M + ¢
k=1

where [ is a parameter that we choose related to the price dividend ratio for a claim to
output, ¢ is a constant risk adjustment, and E;x7 , is a model of the value of ;1) expected
at ¢t that we impose in our excess volatility calculation.

Given this valuation model, we have innovations to valuation from period ¢ to ¢t + 1 given
by

VH,* VH,* &8} o0
t+1 t _ k * k * *
v Ty = E BBk gy — B E B Bk — BBk
t+l t k=1 k=1

- Z gt [Et+1’$:+1+k - BEtﬁ:+1+k] — BEk7

k=1

- Z g* [EHW:HM —Ekfy + (1= 0) Etﬁ:HJrk] — PRkt
k=1

- Z ﬂk []Et+1/€:+1+k - Et"i;rlJrk} + (1 - 5) Z 5k]Et’€:+1+k - Et/f;rl
k=1 k=0

To summarize, innovations to the value of factorless income are given by

VH,* VH,* o0 . N > * *
Y:rrll - th - Z g* [Et+1/€t+1+k - Et“t—l—l-ﬁ-k] +(1-5) Z /BkEt“tJer — By (49)
k=1 h=0
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where

oo

k
E B [Et+1’f:+1+k_Et’{:+1+k]
k=1

is a weighted sum of innovations to the expected value of future k4,1, implied by a model
of expectations, and

(1= 8)) BBy — Barfyy

k=0
is a comparison of a weighted average of expectations of future x;, ;1 and the expectation
at t of Kygq.

F.1 What Shiller (1981) Did

Shiller used realized values of dividends in his calculation. Specifically, let us set

Eeki i1 = K'tD-‘rl-‘rk
for £ > 1. This implies that the terms
Bkt p — Bekfiqgy, =0
and we are left with model-implied volatility of valuations as

=(1-5) Zﬁk’iguk - “tDﬂ
Yijr Y —

F.2 What We Do

We assume a model for expectations based on

Kir1 — Ty = p(Ke — 27) + €xr1 (46)
Tl =2 + €np (47)

where z} is an unobserved variable that we choose as part of the model. We assume that x
is taken from the data. This implies that we compute innovations

* *
€at+1 = Lpy1 — Ty
from the model and then compute innovations
_ D * D *
Erttl = Ky — Tiyy — Pl — 7)

from the data given the model specification of =} and p.
These equations imply that

* _ k¢,.D * *
Et’ftJrk—P (“t _xt)‘i‘xt
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and
]Et"i:-i-oo = .I':
With these dynamics of the factorless income share, we have for k£ > 0, innovations to
expectations of the factorless income share at horizon k are given by
b1 (D

* * _ k¢, .D * * * * _ k
Eii16i 1 — Eekf g = p (’ft+1 - xt+1) - p Ky —x7) + Typg — Ty = P €xpr1 T €t

Using these results with our equation (45) gives us that our model implied changes in
valuation are given by

VH,* VH,* o0 © « %
Yf—H - tT = Z g [Pkﬁmﬂ + ex,t—&-l} +(1-8) Z ﬁkpkﬂ("?? — ) — p(Ky — x7)
t+1 t 1 k=0
= 1_ p/BEH’H_l + 1— ﬂfm,t-i-l < 1— p/B p(lit xt)

= 1 fﬁpﬁ (mtD—H - I{tD) + (1?6 - 1 fﬁpﬁ> ("L‘:—H - CL’:)

We can draw a number of conclusions from this formula.

First consider the case in which we assume that z} is fixed over time. Then the term
r;, —x; = 0. Then the volatility of values implied by the model are pinned down from
parameter choices p, 3, and the data on /iﬂrl — kP,

Second, if we add variation over time in wj,; — 7, then this adds to model-implied
volatility if p < 1. If p = 1, then the term connected to zj,; — x} disappears.

Third, one can interpret what we are doing as follows. We have

Vir o v

Yin Y,
and
D D
Rip1 — Ky

from the data. Then, given a choice of parameters p and 8 we are solving for zj,; — 7 to
rationalize these data. The required variation in z7 can be small if the term <% - %
is large.
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