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ANSWER KEY FOR QUESTIONS 1,2
Question 1
a) As usual, the BC is given by
u=

δ
δ
=
.
θ
δ + θq(θ)
δ + 1+θ

(1)

b) Suppose we are in period t. The measure of workers who have been unemployed for
exactly one period, are simply the workers who lost their job in t − 1. In steady state,
that number is equal to
(1 − u)δ.
The measure of workers who have been unemployed for two periods, are those who
lost their job in t − 2, and were unsuccessful in finding a job in t − 1. That number is
equal to
(1 − u)δ(1 − θq(θ)).
The measure of workers who have been unemployed for three periods, are those who
lost their job in t − 3, and were unsuccessful in finding a job both in t − 2 and t − 1. That
number is equal to
(1 − u)δ(1 − θq(θ))2 ,
and so on.
As a verification that this reasoning is correct, sum up all these workers to get
(1 − u)δ

∞
∑

(1 − θq(θ))i = (1 − u)

i=0

δ
δ
=
= u.
θq(θ)
δθq(θ)

c)

V = −k + βq(θ)J + β(1 − θq(θ))V,
J = p − w − τ + β(1 − δ)J.

(2)
(3)

d) The typical worker in this model can be employed, unemployed with benefits, and
unemployed without benefits. It is very important to distinguish between the last two
states. For the employed worker we have
W = w + β(1 − δ)W + βδUz .
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(4)

For an unemployed worker who is eligible for benefits, we have
Uz = z + βθq(θ)W + β(1 − θq(θ))U,

(5)

and for the unemployed worker who is not eligible for benefits, we have
U = βθq(θ)W + β(1 − θq(θ))U.

(6)

Notice that the last two expressions immediately imply that
Uz = z + U,

(7)

which will be useful later on.
e) Exploiting the usual free entry argument, we can derive the following JC:
w =p−τ −

k(1 + θ)[1 − β(1 − δ)]
.
β

f) We start from the Nash bargaining problem. One important thing to notice here is
that the outside option of a worker is not the Uz value function, but the U value function:
By definition, a worker who has met a firm and is bargaining with it, has already been
unemployed for more than one period, and, hence, is no more eligible for unemployment
benefits. The Nash bargaining problem will give us:
(1 − η)(W − U ) = ηJ.
Using equations (3), (4), and (6), and exploiting the relationship between U, Uz (i.e.,
equation (7)), yields (after some algebra) the following wage curve:
w = η(p − τ ) − (1 − η)βδz + ηθk.
g) For a balanced government budget, we need:
(1 − u)τ = (1 − u)δz,
where the left-hand side is the total funds generated by taxes, and the right-hand side is
the total expenditure on unemployment benefits, i.e., z times the total number of workers
who have been unemployed for one period. Clearly, this last expression implies that
τ = δz,
which we can use in order to get rid of τ in the JC and WC expressions.
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h) The JC curve is now given by:
w = p − δz −

k(1 + θ)[1 − β(1 − δ)]
.
β

Clearly, it will have the usual negative slope. To make sure that the JC curve lies in
the positive orthant for some θ’s, we require that the value of w, evaluated at θ = 0 is
positive. More precisely, we need
p − δz −

k[1 − β(1 − δ)]
> 0.
β

(8)

This is likely to happen if δ, k, z are small and β is large.
i) The WC becomes:
w = η(p − δz) − (1 − η)βδz + ηθk.
Clearly, it will have the usual positive slope.
j) Given the discussion so far, we know that if an equilibrium exists, it will be unique. A
suﬃcient condition for existence is that
p − δz −

k[1 − β(1 − δ)]
> η(p − δz) − (1 − η)βδz > 0.
β
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Question 2
a) This part is very standard (as in the lecture notes, except that there are two types
of money). The main point is to point out that both value functions will be linear in
m1 , m2 .
b) Consider a type-1 meeting, i.e., a meeting where the seller accepts only local currency,
and let m1 denote the money-1 holdings of the buyer. Let q1 , d1 denote the amount of
good traded and the units of money 1 exchanged, respectively. The bargaining solution
is as follows:
If m1 ≥ q ∗ /φ1 , then q1 = q ∗ and d1 = q ∗ /φ1 , where φ1 is the real value of one unit of
money 1.
If, on the other hand, m1 < q ∗ /φ1 , then q1 = φ1 m1 and d1 = m1 .
Next, consider a type-2 meeting, i.e., a meeting where the seller accepts both currencies. Let (m1 , m2 ) denote the buyer’s portfolio. Let q2 , d˜1 , d˜2 denote the amount of good,
the units of money 1, and the units of money 2 exchanged, respectively. The bargaining
solution is as follows:
If φ1 m1 + φ2 m2 ≥ q ∗ , then q2 = q ∗ and φ1 d˜1 + φ2 d˜2 = q ∗ .
If, on the other hand, φ1 m1 + φ2 m2 < q ∗ , then q2 = φ1 m1 + φ2 m2 , d˜1 = m1 , and
d˜2 = m2 .
c) While you should feel free to do all the work that leads to the objective function, here
it is quite easy to guess that this function will be as follows:
J(m′1 , m2′ ) = (−φ1 + βφ′1 )m′1 + (−φ2 + βφ′2 )m′2
+ βσ[u(q1 (m′1 )) − φ′1 d1 (m′1 )]
+ β(1 − σ)[u(q2 (m′1 , m′2 )) − φ′1 d˜1 (m′1 , m′2 ) − φ′2 d˜2 (m′1 , m′2 )],

(9)

where the expressions q1 (.), q2 (.), d1 (.), d˜1 (.), d˜2 (.) have all been described in part (b).
Moreover, as is usual in these models, we know that the agent will never bring more
money than she needs in order to get the first best (bringing more money has a weakly
positive cost, and absolutely no benefit, since the first-best has already been achieved).
This argument allows us to simplify the J function even further as:
J(m′1 , m′2 ) = (−φ1 + βφ′1 )m′1 + (−φ2 + βφ′2 )m′2
+ βσ[u(φ′1 m′1 )) − φ′1 m′1 ]
+ β(1 − σ)[u(φ′1 m′1 + φ′2 m′2 ) − φ′1 m′1 − φ′2 m′2 ].

(10)

d) For now, I simply wanted you to describe the equilibrium as a system of 4 equations whose solution will yield the equilibrium values for our 4 endogenous variables
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{q1 , q2 , z1 , z2 }. These four equations will consists of two Euler equations in steady state
(one for each type of money), and the bargaining solutions, also evaluated at steady state.
More precisely, we have
1 + µ1 − β
β
1 + µ2 − β
β
q1
q2

= σ[u′ (q1 ) − 1] + (1 − σ)[u′ (q2 ) − 1],

(11)

= (1 − σ)[u′ (q2 ) − 1],

(12)

= z1 ,
= z1 + z2 .

(13)
(14)

e) With the specific functional form in hand, we can be even more precise about how
exactly the equilibrium will look like. I will describe the equilibrium for all possible values
that the parameters µ1 , µ2 could obtain. I was not asking for so much detail in the exam.
(Basically, I gave full marks to everyone who gave a roughly accurate description of cases
3 and 4).
Case 1: µ1 = β − 1 and µ2 ≥ β − 1. The point here is that the money with the
liquidity advantage is also completely free (because authority 1 is running the Friedman
rule). In this case, regardless of the value of µ2 , we must have that q1 = q2 = q ∗ = γ, i.e.,
the first-best is always traded in all types of meetings.
Case 2: µ1 > β − 1 and µ2 = β − 1. In this case, money 2 is free to carry over time,
but money 2 has the liquidity disadvantage. It is easy to verify that in this case we have
q2 = q ∗ = γ and
1 + µ1 − β
.
q1 = γ −
βσ
Clearly, the only way to get q1 → q ∗ = γ is to set µ1 → β − 1.
Case 3: µ1 > β − 1 and µ2 ≥ (1 − σ)µ1 − (1 − β)σ. This is the case in which z2 = 0,
or, alternatively, q1 = q2 . Since money 2 has a disadvantage, agents will hold it only if
its rate of return is significantly better than the one on money one. How much better?
The answer is given above. Agents will hold money 2 only if
µ2 < (1 − σ)µ1 − (1 − β)σ
(and not if µ2 < µ1 , as some of you guessed without solving the model carefully.) As
long as we are in this case, it is easy to see that
q1 = q2 = γ −

1 + µ1 − β
.
βσ

Naturally, it is only the policy parameter µ1 that matters for equilibrium outcomes,
since money 2 is not circulating. (Of course, in the back round µ2 is also relevant, since
everything we are discussing here holds true only for µ2 ≥ (1 − σ)µ1 − (1 − β)σ).
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Case 4: µ1 > β − 1 and µ2 ∈ (β − 1, (1 − σ)µ1 − (1 − β)σ). This is the case where
money 2 circulates together with money 1. Here z2 > 0, which, of course, implies q2 > q1 .
More precisely, in this type of equilibrium, we have:
µ1 − µ2
,
βσ
1 + µ2 − β
.
= γ−
β(1 − σ)

q1 = γ −
q2
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Question 3 (Sketch Answer)
Consider the social planner’s problem for a real business cycle model. The household makes consumption (C) and leisure (1 − N , where N is hours worked) decisions to
maximize lifetime utility:
∞
X
E0
β t u (Ct , 1 − Nt )
(1)
t=0

Specific functional forms will be given below.
Output is produced using capital K and labor N
Yt = Zt Ktα Nt1−α

(2)

Zt is a TFP shock and is governed by a discrete state Markov chain. Capital evolves:
Kt+1 = (1 − δ)Kt + It

(3)

but assume full depreciation so δ = 1. There is no trend growth. Finally,
Yt = Ct + It
First suppose that the utility function u is as follows:


Nt2
ln Ct −
2

(4)

a) Write down the recursive formulation of planner’s problem and derive the first order
conditions.
Answer

V (Kt , Zt ) = max

Kt+1 ,Nt


ln

Zt Ktα Nt1−α

N2
− Kt+1 − t
2




+ βEt V (Kt+1 , Zt+1 )

(5)

FOCs:

[Kt+1 ]
[Nt ]

−

1
Nt2
2

+ βEt

Ct −
(1 − α)Yt /Nt
Nt2

=

∂V (Kt+1 , Zt+1 )
=0
∂Kt+1
Nt
N2

(6)
(7)

Ct − 2
Ct − 2t
∂V (Kt , Zt )
αYt /Kt
=
N2
∂Kt
Ct − 2t

(8)

Which implies


1
αYt+1 /Kt+1
= βEt
N2
N2
Ct − 2t
Ct+1 − t+1
2

(9)
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b) Using guess and verify, find the policy functions for investment, consumption and
hours worked (Hint: first consider the equilibrium condition for hours worked and guess
that investment is a constant share of output).
Answer
First, inspect the first order condition for hours worked. This can be written as
Nt2 = (1 − α)Yt
Now let’s guess
It = Kt+1 = BYt
which, using the resource constraint, implies
Ct = (1 − B)Yt
Substitute these conditions into the consumption Euler equation and solve.
B = βα
Using the first order condition for labor again we can write N as a function of K and Z
only. Use this in the guesses for C and I, and we obtain solutions for investment and
consumption in terms of capital and TFP only.
Now suppose the utility function is given by:
ln Ct −

Nt2
2

(10)

c) Repeat parts (a) and (b) using these new preferences.
Answer

V (Kt , Zt ) = max

Kt+1 ,Nt

ln

Zt Ktα Nt1−α

− Kt+1




Nt2
+ βEt V (Kt+1 , Zt+1 )
−
2

(11)

FOCs:
1
∂V (Kt+1 , Zt+1 )
+ βEt
=0
Ct
∂Kt+1
(1 − α)Yt /Nt
[Nt ]
= Nt
Ct
∂V (Kt , Zt )
αYt /Kt
=
∂Kt
Ct
Which implies


1
αYt+1 /Kt+1
= βEt
Ct
Ct+1

[Kt+1 ]

−

3

(12)
(13)
(14)

(15)

Using the same guesses for C and I we can show the same result for B:
B = βα
Using the guesses in the labor supply condition shows that hours worked equals a constant.

Nt =

(1 − α)
1 − βα

1/2

Putting all this together allows us to write C, Y and I as functions of K and Z only.
d) Compare the business cycle properties implied by these two models and explain
why a TFP shock affects output, consumption, investment and hours worked. Some
RBC modelers prefer preferences used in parts (a/b) to those in part (c), why this might
be the case?
Key points
• With the first set of preferences TFP shocks lead to an increase in output, consumption, hours worked and investment, as in the data. The answer should briefly
touch on the main mechanisms outlined in the lecture notes, the answer keys to
problem sets and the mid-term.
• What’s important is that the first set of preferences do not feature a wealth effect
on labor supply. This can be seen from the fact that consumption does not enter
the first order condition for hours worked. In the second set of preferences, when
δ = 1, the income and substitution effects cancel out and labor supply is constant.
The second set of preferences deliver a result for hours worked that is inconsistent
with the data.
• With the first set of preferences there is no wealth or income effect. This amplifies
the effect of TFP shocks on hours worked. Even with δ = 1 hours worked now
respond. This leads to a larger effect of TFP shocks on investment and consumption.
• Standard preferences typically require a high degree of labor supply to match the
empirical volatility of hours in the data. RBC models typically lack sufficient amplification and therefore require large TFP shocks. The first set of preferences,
by excluding an income effect (which offsets the effect of TFP shocks on hours
worked), can lead to a larger effect of TFP shocks on hours worked. This is why
some modellers prefer these preferences.

e) If δ < 1 briefly explain how you would solve this model computationally using value
function iteration. Give one advantage of this method.
Sketch Answer
Provide a brief summary of the steps we studied in class using Matlab: setting up the
problem recursively, discretizing the state space, centering things around the deterministic
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steady state and calibrating the model. Set up the value function as a vector of optimal
utility values for each realization of the state variables (e.g. each (k, z)). Make an initial
guess of the value function e.g. all zeros. Plug this into the Bellman equation and find
a new value function. Check convergence. Once we have the value function we can find
the optimal choices given the states today, this calculation gives us the policy functions
for the control variables. Advantages: global non-linear solution, very reliable (relatively
general conditions ensure convergence).
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Question 4 (Sketch Answer)
This question considers a distortionary labor income tax in the New Keynesian model.
The representative household’s utility function is:
Nt1+ψ
Ct1−σ
−
1−σ 1+ψ

(16)

Qt Bt+1 + Pt Ct = Bt + (1 − τt )wt Pt Nt + Πt + Pt Tt

(17)

The household’s budget contraint is:

C is consumption, N is hours worked, w is the real wage, τ is the distortionary labor
income tax rate, Π are firm profits distributed lump sum, T are lump-sum taxes. B are
bonds that are in zero net supply. P is the aggregate price level. Qt is the bond price.
In linearized form, the household’s Euler equation and labor supply conditions are:
Et ĉt+1 − ĉt =

1
(ît − Et π̂t+1 )
σ

ŵt = σĉt + ψn̂t + τ̂t

(18)
(19)

The linearized equilibrium conditions for firms are:
ŷt = n̂t

(20)

ŵt = m̂ct

(21)

π̂t = βEt (π̂t+1 ) + λm̂ct

(22)

ŷt = ĉt

(23)

The resource constraint is:

Monetary policy follows a simple Taylor Rule:
ît = φπ π̂t

(24)

The (linearized) labor income tax rate follows an AR(1) process
τ̂t = ρτ̂t−1 + et

(25)

et is i.i.d. and tax revenues are redistributed lump-sum to households.
In percentage deviations from steady state: m̂ct is real marginal cost, ĉt is consumption,
ŵt is the real wage, n̂t is hours worked, ŷt is output. In deviations from steady state: ît
is the nominal interest rate, π̂t is inflation and τ̂t is the income tax rate.1 λ is a function
of model parameters, including the degree of price stickiness.2 Assume that φπ > 1,
0 < ρ < 1 and 0 < β < 1
1
2

With a zero steady state income tax rate, τ̂t = τt
λ = (1−θ)(1−βθ)
where θ is the probability that a firm cannot adjust its price.
θ
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a) Using the relevant equations above, show that the natural rate of output in this
model depends on the income tax rate. In particular, show:
ŷtn = −

1
τ̂t
σ+ψ

(26)

Answer
Equate equations (21) and (19). The key is to note that the natural rate of output
occurs under flexible prices, so m̂ct = 0. Replace hours worked and consumption using
equations (20) and (23) and rearrange to obtain the expression in the question.
b) Show that the Phillips Curve can be written as:
π̂t = βEt (π̂t+1 ) + λ(σ + ψ)x̂t + λτ̂t

(27)

where x̂t is the welfare relevant output gap, defined as ŷt − ŷte . (Hint: in this model the
distortionary tax is the only stochastic element and ŷte = 0, which implies x̂t = ŷt = ĉt .)
Answer
Combining equations (21), (19), (20) and (23) yields an expression for marginal cost:
m̂ct = (ψ + σ)x̂t + τ̂t
where we have also used x̂t = ŷt given that ŷte = 0. Subsitute this result into equation
(22) yields the Phillips Curve in the question.
c) Using the method of undetermined coefficients, find the response of the welfare
relevant output gap and inflation to an exogenous cut in income taxes when prices are
sticky and monetary policy follows the Taylor Rule above. To do this, guess that the
solution for each variable is a linear function of the shock λτ̂t . (Hint: you will need to
rewrite the consumption Euler equation in terms of the welfare relevant output gap noting
that x̂t = ŷt = ĉt ).
Answer
The trick is to note that λτ̂t looks just like a standard cost-push shock, what we called
ut in the lectures. Let’s guess that the solution is of the form:
x̂t = Λx ut
π̂t = Λπ ut
where ut = λτ̂t
The steps are exactly the same as in the technology shock example in problem set
8. We substitute the Taylor Rule into the Euler (although here we replace ĉt = x̂t )
and substitute the guesses into Euler and the Phillips Curve. We also make use of the
stochatic process for ut .
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This yields the following results for the unknown coefficients:
(1 − ρa )σ
>0
σ(1 − ρa )(1 − βρa ) + κ(φπ − ρu )
ρu − φπ
Λx =
<0
σ(1 − ρa )(1 − βρa ) + κ(φπ − ρu )

Λπ =

(28)
(29)

d) Discuss how, and why, labor income tax cuts affect the natural rate of output, the
output gap and inflation. Are these results surprising?
Income tax shocks look like standard cost push shocks. The welfare relevant output
gap, x̂t rises, whereas inflation falls. Because this is a distortionary labor tax, the natural
rate of output also rises. The rise in the natural rate (and output) is reflects the fact that
a cut in income taxes stimulates labor supply. With sticky prices there is also a demand
effect. What may be surprising is that an expansionary fiscal policy of this kind lowers
inflation. This is because the shock is actually more like a supply shock and reduces the
distortions in the economy.
e) Now suppose that, instead of following the simple Taylor Rule above, we choose x̂t
and π̂t to maximize welfare and derive the optimal policy under discretion. Assume the
steady state is efficient. Is it possible to fully stabilize inflation and the output gap (xt )
with optimal policy? Briefly explain. You do not need to derive anything, briefly answer
using your economic intuition.
Answer
This cost-push type shock induces a trade-off. Completely stabilizing the output gap
is inconsistent with stable prices, even with optimal policy. This is true whether policy is
set under discretion or commitment. Commitment policy produces better outcomes, but
neither policy can completely stabilize x̂t and π̂t .
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Prelim Solutions (Caramp)
Fire sales and investment opportunities
1. Agents have access to a storage technology that has a gross rate of return of , which implies
that the gross rate of return on risk-free bonds cannot be below . Moreover, consumers are
endowed with a "large" amount of the consumption good in

. In this context, "large"

implies that consumers have more endowment than the entrepreneurs would want to borrow
even at the lowest possible interest rate. Therefore, at least some consumers will end up
saving in the storage. Competition implies that the equilibrium interest rate on risk-free bonds
cannot be higher than . Therefore,

.

2. The problem of an entrepreneur is given by

where

is the amount saved in storage. To reduce notation in what follows, I will solve the

exercise as if the entrepreneur never saves in the storage technology (which is reasonable
given that we want the entrepreneurs to borrow, and they will never borrow in order to save in
the storage). Monotonicity of preferences implies that both constraints are satisﬁed with
equality. Note that as long as

,

is risk free (we can make sure that this is the case

later). The ﬁrst constraint implies that

Introducing this expression in the second constraint and isolating

we get

Replacing in the objective function

where the last equality holds because
problem with respect to

,

,

and

are all known in

is

Hence, the entrepreneurs' demand for capital is given by

. The FOC of this

Let's turn to the consumers' problem. A consumer solves

Similar monotonicity arguments as before imply that the constraints are satsiﬁed with equality
in an optimum. Following similar steps as before simplify the consumer's problem to

The FOC with respect to

is

From the entrepreneur's demand for capital it should be clear that the equilibrium price
cannot be less than

. Suppose

. In that case,

and

. But

contradicts the consumers' FOC. Therefore, in equilibrium we have
and

, which

,

.

3. The entrepreneur's problem is now given by

(Here I am allowing for using the storage in case the entrepreneur is not costraint; this will
turn out to be the uninteresting case so there is no real loss from skipping it). Clearly, if
,

. What if

? In that case,

. Hence,

On the other hand, the problem of the consumers hasn't changed. Hence, the equilibrium has
the following properties: i) if

, then

and

; ii) if

, then

and

Since
in this case

, the RHS is decreasing in
implies

, hence the intersection is unique. Moreover, since

. It is immediate to see that

is increasing in

: as

increases, the entrepreneurs' demand for capital increases and the amount of capital that the
consumers hold decreases, increasing their marginal product and hence the equilibrium price.

Let's turn to the utility of the entrepreneur. If the borrowing constraint does not bind,
and

, hence trivially

. If the borrowing constraint binds, then

.
4. The problem of an entrepreneur is given by

Following similar steps as before, we can simplify the problem to

Taking FOCs, we get

By now it should be clear that an equilibrium requires positive and ﬁnite entrepreneurs'
demand for capital, hence

and

.

The problem of a consumer is

Similar steps as above lead to the following simpliﬁed problem

The FOCs are

Using that

and

5. We know from question 3. that
increasing in .
6. The entrepreneurs' problem is

, we get that

is increasing in

and

. Since

is now increasing in ,

is

From question 3. we know that the utility of the entrepreneurs is given by
of whether they are constrained or not. Using that

independently
and

, the entrepreneur's problem simpliﬁes to

The FOC is

in an interior solution. Hence

7. Using the hint, we have

Thus

It is immediate to see that the covariance is negative, hence

Why is the price of capital in

less than the fundamental value of capital, even though the

entrepreneur is not constraint in
investment opportunity in
and resale price
is high, ie

? The reason is that capital is a relatively bad

. When

). But when

is low, capital pays little (both in terms of dividend

is low,

is also low, so the return of having capital in

is high. Hence, the return of holding capital in

is negatively

correlated with the entrepreneur's investment opportunities (high marginal value of funds), so
the entrepreneurs choose to hold less capital to reduce their risk, driving the equilibrium price
down.

Heterogeneous Eﬀects of Precuationary Savings
1. The problem of a farmer is

Since farmers can produce capital at a cost of , the equilibrium price cannot be higher than .
If the price was lower than , no farmer would produce capital and eventually the supply of
capital would go to zero. Hence, the price of capital must be equal to .
Let

be the Lagrange multiplier associated to the budget constraint. The FOCs are

Since some farmers have to hold the capital in equilibrium, they need to be indiﬀerent
between holding capital or bonds. Hence

2. The farmers' intratemporal Euler equation is

or

Let's use the guess. We have

Hence, the FOC is

or

After some algebra, we get

3. We have

Integrating the budget constraint, we get

For both expressions to hold, we need

or

and hence

which implies

4. The problem of a worker is

5. Let

be the Lagrange multiplier associated to the budget constraint. The FOCs of the

worker's problem are

If

constrant, then

Since

, and the intertemporal Euler equation simpliﬁes to

in equilibrium,

.

Hence, putting together the problem of the farmers and workers, we can conclude that there
exists an equilibrium with constant aggregate farmers consumtpion and capital holdings,
constant individual workers' consumption, workers hold zero capital, and the interest rate and
wage are constant.
6. From question 3., one can see that if

(since
for all

Since

), hence

increases,

increases for all

decreases. Moreover,

and therefore

. From the budget constraint

decreases with the increase in

increases, the wage

, it must be true that

increases. But if

increases, and hence the welfare of workers increases.

increases

