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Abstract
Consider two heterogenous populations of agents who, when matched, jointly produce an output. For example, teachers and classrooms of students together produce
achievement, husbands and wives jointly raise children, and assembly plants and their
managers produce parts, cars, etc. Let W ∈ W = {w1 , . . . , wJ } and X ∈ X =
{x1 , . . . , xK } denote agent types in the two populations. Consider the following matching mechanism: take a random draw from the W = wj subgroup of the first population
and match her with an independent random draw from the X = xk subgroup of the
second population. Let β (wj , xk ), the average match function (AMF), denote the expected output associated with this match. I show that the AMF is identified when
matching is conditionally exogenous and calculate its semiparametric efficiency bound.
I propose an efficient estimator and use it, in an illustrative application, to study the relationship between assortative marriage by education and children’s education in Brazil.
The analysis suggests that, under the maintained assumptions, less parental sorting by
education would raise educational attainment for children of poorly educated mothers
substantially and modestly lower it for children of better educated mothers. On net,
marital sorting increases inequality and lowers the population wide average educational
attainment of children.
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Many economic outcomes are the product of collaboration across two (or more) heterogeneous agents. A school district matches teachers, with varying skills, background and
other attributes, to classrooms composed of different types of students in order to “produce”
achievement (e.g., Boyd, Lankford, Loeb and Wyckoff, 2013). Corporations match managers
with plants in an attempt to maximize profit. Here both managers and plants may be heterogenous. For example only some plants may be unionized or have different histories of
industrial action. Managers may vary in their experience, education and leadership skill.
Other examples include insurers and hospitals, which form contractual agreements to provide health care (e.g., Ho, 2009) and marriages between men and women who subsequently
raise children (Kremer, 1997).
In the standard empirical production function model a single heterogenous agent utilizes
homogenous inputs to engage in production (e.g., Chamberlain, 1984; Griliches and Mairesse,
1996; Olley and Pakes, 1996). The canonical example is a population of firms with varying
levels of total factor productivity which combine homogenous labor, capital and land to
produce output. The basic program evaluation problem also falls into this framework; while
agents may be heterogeneous in their response to a given treatment, the treatment itself is
considered homogenous (e.g., Imbens, 2004; Heckman and Vytlacil 2007a,b).
I consider settings where production involves two heterogenous agents. This heterogeneity
may have both observed and unobserved components. The goal is to determine how match
output varies with the observables of the two paired agents. For example a superintendent
may wish to understand how student achievement varies with teacher experience and class
size. The question is not straightforward because both the distribution of unobserved teacher
and student characteristics may vary systematically with experience and/or class size. Using
knowledge of the mapping from agent characteristics into match output, a social planner can
engineer reallocations. For example, a superintendent may choose to assign less experienced
teachers to smaller classrooms. Graham, Imbens and Ridder (2007, forthcoming) also study
reallocations, but under stronger assumptions and a less rich heterogeneity structure than
allowed for here.
Section 1 introduces the notion of an average match function (AMF) and compares it with
more familiar “single agent” estimands such as the average structural function (ASF) of
Blundell and Powell (2005) (cf., Chamberlain, 1984; Wooldridge, 2005). I also introduce a
social planning problem and show how the AMF is a key component of it.
Section 2 provides a (point) identification result for the AMF. A key requirement is that the
status quo matching satisfies a conditional exogeneity assumption. This assumption may
be viewed as a multi-agent analog of the familiar “selection on observables” or “unconfoundedness” assumption of the program evaluation literature (e.g., Heckman and Robb, 1985;
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Imbens, 2004).
Section 3 presents the semiparametric efficiency bound for the AMF under the exogeneity
assumption. Hirano and Porter (2009) show that efficient estimation of the conditional
average treatment effect function (CATE) is needed to ensure that conditional empirical
success (CES) treatment assignment rules are minimax optimal in large samples. In the
present setting a feasible version of the social planner’s problem would replace the unknown
AMF with an efficient estimate (cf., Graham, Imbens and Ridder, 2007). A second reason
for study semiparametric efficiency is that it may aid in experimental design (cf., Hahn,
Hirano, Karlan, 2011).
Section 4 applies the proposed methods in a study of the relationship between parental
schooling and child’s education attainment using a large dataset from Brazil. A long research
literature in sociology and economics studies the relationship between assortative marriage
and intergenerational mobility (e.g., Kremer, 1997). If both parents’ education strongly
influences their children’s educational attainment, and marriage is assortative by education,
then inequality in the next generation will be higher than it would be in a counterfactual
world of non-assortative or “random” marriage. While the direct policy implications of this
analysis is probably best left for dystopian science fiction, the analysis does illuminate one
potentially important source of inequality and low mobility.

1

Estimands

There are two heterogenous populations. Examples include women and men in a marriage
market, workers and firms in a labor market, or teachers and classrooms of students in the
elementary school setting. For concreteness I will adopt the last of these examples in what
follows.
Let W ∈ W = {w1 , . . . , wJ } denote a teacher’s observable “type”. The support points of
W may encode, for example, different unique combinations of years of teaching experience,
levels of education, race and gender. Teachers of the same type may differ in terms of the
unobserved characteristic U . The dimension of U is unrestricted. Teachers are a heterogenous
population. While the econometrician does not observe U , she does observe the vector of
proxies, R; which may have both discrete and continuous components. If U is teacher
“ability”, then R might include a licensure test score. The properties of R will be formally
outlined in Section 2. All diversity in the population of teachers is captured by the vector
(W, R0 , U 0 )0 . I index a random draw from the population of teachers by the subscript i, such
that (Wi , Ri0 , Ui0 )0 corresponds to the ith random draw. A generic random draw is denoted
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by (W, R0 , U 0 )0 (i.e., subscripts omitted).
Let X ∈ X = {x1 , . . . , xK } denote a classroom’s observable type. The K types of classroom could enumerate different unique combinations of classroom size and/or student gender/ethnic mix. Unobserved classroom characteristics are given by V , with S the corresponding vector of proxies.
I index a random draw from the population of classrooms by the superscript h, such that

X h , S h , V h equals measured and unmeasured characteristics of the hth random draw. The
sub- and super-script notation emphasizes the two-population aspect of the problem.
Teachers and classrooms of students are matched through some process, restrictions on this
process will be imposed in Section 2. Together they jointly produce an output, say, student
achievement. Associated with each teacher-classroom pair is a potential or conjectural output
(Holland, 1986; Manski, 2007). Let Yi (h) denote the potential outcome when the ith teacher
0
is matched with the hth classroom. Consider two classrooms h and h0 with X h = X h . A
key feature of the current problem is that, in general,
Yi (h) 6= Yi (h0 ) ,
because even classrooms of the same observed type are heterogenous in terms of the unobserved vector V .1 To clarify this point, consider the production function representation of
Yi (h) :

Yi (h) = g Wi , X h , Ui , V h .
(1)
Equation (1) is a production function with two heterogenous inputs. This set-up contrasts
with the standard single agent production problem (e.g., Chamberlain, 1984, Griliches and
Mairesse, 1996; Olley and Pakes, 1996). In that problem heterogenous agents (e.g., firms
with varying levels of productivity) employ homogenous inputs (e.g., “capital”). To connect
the current problem with this single agent analog, assume that all classroom heterogeneity
is captured by X h , such that V h is degenerate at V h = v. Degeneracy of V h implies that for
a given teacher (i.e., firm) all classrooms homogenous in X h = x (i.e., the input level) yield
identical output. This yields the simplification of (1):
Yi (x) = g (Wi , x, Ui , v) , x ∈ X,

(2)

which coincides with a standard potential outcomes representation of a production function
(e.g., Manski, 2007; Chapter 7).
1

This is a violation of the homogenous treatment or stable unit treatment value assumption (SUTVA)
routinely made in the program evaluation literature.
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A comparison of (1) and (2) clarifies that the heterogenous nature of the “input”, X, distinguishes the present problem from the textbook production function one.
In the single agent problem interest typically centers on the average structural function
(ASF) (cf., Chamberlain, 1984; Blundell and Powell, 2003; Wooldrige, 2005; Imbens and
Newey, 2009)
E [Yi (x)] = E [g (Wi , x, Ui , v)] =

J ˆ
X

g (wj , x, u, v) fW,U (wj , u) du.

(3)

j=1

Equation (3) coincides with the expected output when a random draw from the population
of teachers is assigned to a classroom of type X h = x, when there is no within-classroom-type
heterogeneity (i.e, if V h is degenerate at V h = v).
When classrooms are heterogenous, as is presumed here, we can modify (3) by additionally
integrating over the conditional distribution of V :
γ (x) =

J ˆ
X

g (wj , x, u, v) fW,U (wj , u) f V |X (v| x) dudv.

(4)

j=1

Estimand (4) gives the expected outcome when a random draw from the population of
teachers is matched to an independent random draw from the subpopulation of classrooms
with X h = x. In the context of the teacher-classroom example it provides a measure of
how student achievement changes with classroom type that controls, in an average way, for
observed and unobserved teacher characteristics. This control is engineered by integrating
the production function with respect to the joint (marginal) distribution of W and U ; as in
a partial mean (Newey, 1994a).
Consider the difference
γ (x) − γ (x0 ) .
This difference gives the expected achievement gap across classrooms of types x versus x0 ,
when teacher assignment to classrooms is random. It is not a “causal effect” of x; in the
present setting X is non-manipulable. One manifestation of this perspective is that V is
averaged out in (4) using its distribution conditional of X = x. It may be that predominantly
minority classrooms, for example, systematically differ from other classrooms in terms of V
(e.g., unmeasured parental characteristics).
I will call γ (x) the average no sorting outcome (ANSO). It gives the average outcome for
classroom type X = x, when teachers are randomly assigned to classrooms (i.e., when there
is no sorting).
5

While γ (x) provides a coherent measure of how outcomes vary across classroom types which
controls for variation in teacher quality, it does not provide a measure of how how outcomes
vary across different combinations of teacher and classroom types.
A social planner may wish to change the joint distribution of W and X in order to maximize
average outcomes. To do so she requires (partial) knowledge of the structural mapping from
W = w and X = x into outcomes. For example a school district may employ a set of teachers
with varying characteristics encoded into W . These teachers must be assigned to a set of
classrooms of varying composition, encoded into X. If the district wishes to maximize, say,
average student achievement, it must know the mapping from different (w, x) combinations
into achievement, Y . One approach to characterizing this mapping would be to average
g (w, x, u, v) with respect to the joint distribution of U, V :
ˆ ˆ
g (w, x, u, v) fU,V (u, v) dudv.

(5)

This would correspond to the average structural function (ASF) as defined in Blundell and
Powell (2003) with the relevant population now being that of matches (i.e., existing pairings
of teachers and students).2 If both w and x are manipulable, then (5) coincides with the
expected outcome when a random draw from the population of matches is assigned the input
combination (w, x). Here, however, manipulations of W and/or X for a given match are
not of interest. Instead the focus is on manipulations of the joint distribution of (W, X)
that leave the marginal distributions of W and X intact: reallocations. Equation (5) is not
helpful for evaluating reallocations, indeed the heterogeneity distribution averaged over in
(5), FU,V , is the consequence of a specific allocation and would not, in general, be invariant
to reallocations of teachers to classrooms.
For these reasons I introduce a different estimand. Consider the following thought experiment. A social planner takes a random draw from the subpopulation of type Wi = w
teachers. She takes an independent random draw from the subpopulation of type X h = x
classrooms. The expected outcome associated with pairing together these two draws is
ˆ ˆ
β (w, x) =

g (w, x, u, v) f U |W (u| w) f V |X (v| x) dudv.

(6)

I call (6) the average match function (AMF). Note that no presumption of independence
between W and U or X and V is made. It may be that the distribution of teacher ability,
U , varies systematically with observed years of teacher experience, W . To repeat, such
dependence does not cause problems in the present setting because manipulation of W is
2

Note the relevant population for the ASF defined in equation (3) is teachers.
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not of interest. Reallocations leave the joint distribution of W and U unchanged.
The difference
β (w, x) − β (w, x0 )
gives the expected change in output when a type Wi = w teacher is assigned to a type
X h = x instead of a type X h = x0 classroom (where both the teacher and classrooms are
independent random draws from the appropriate subpopulation).
The discrete analog of a cross partial derivative (cf., Topkis, 1998), for w > w0 and x > x0 ,
β (w, x) − β (w, x0 ) − [β (w0 , x) − β (w0 , x0 )]
is a local measure of complementarity between w and x (cf., Graham, 2011). The complementarity properties of β (w, x) are of central interest.
Note that the average no sorting outcome (ANSO) is connected to the average match function
(AMF):
J
X
γ (x) =
β (wj , x) ρj ,
with ρj =

1.1

´

j=1

fW,U (wj , u) du the marginal frequency of type j teachers.

Social planner’s problem

Consider a social planner. The social planner knows β (w, x) for all (w, x) ∈ W × X (perhaps
up to sampling uncertainty). She also knows the marginal distributions of teacher and
classroom type, respectively ρ = (ρ1 , . . . , ρJ )0 for ρj = Pr (Wi = wj ) and λ = (λ1 , . . . , λK )0

for λk = Pr X h = xk (again perhaps up to sampling uncertainty). She does not observe
0
(Ri0 , Ui0 )0 or S h , V h or is unable/unwilling to act on this knowledge if she does. Put
differently, the planner is constrained to consider doubly randomized allocations (Graham,
2008; 2011). Each (i, h) pairing is composed of two independent random draws from the
relevant subpopulations of teacher and classroom types.
Let πjk = Pr (W = wj , X = xk ) for j = 1, . . . J and k = 1, . . . , K. The planner’s problem is
to choose an π = (π11 , . . . , π1K , . . . , πJ1 , . . . , πJK )0 that maximizes expected output

θ (π) =

J X
K
X
j=1 k=1

7

β (wj , xk ) πjk

(7)

Teachers/Classrooms
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w1
..
.
wJ−1
wJ
fX (x)

Table 1: The structure of feasible assignments
x1 · · ·
xK−1
π11
..
.
π
PJ−1J−11
λ1 − j=1 πj1
λ1

···
..
.
···
···

π1K−1
..
.
π
PJ−1J−1K−1
λK−1 − j=1 πjK−1
λK−1

xK

fW (w)

π1k
..
.

ρ1
..
.

P
ρJ−1 − K−1
k=1 πJ−1k
PJ−1 P
PK−1
PJ−1
1 − j=1 ρj − k=1 λk + j=1 K−1
k=1 πjk
λK

ρJ−1
ρJ

ρ1 −

PK−1
k=1

Notes: The j = 1, . . . , J types of teachers are enumerated in the first column, with the marginal frequency of each type given in the last
column. The k = 1, . . . , K types of classrooms are enumerated in the first row, with the marginal frequency of each type given in the last
row. The joint distribution of teachers and classrooms is characterized by the interior probabilities. The feasibility constraints are used
to reduce the parameterization of an assignment to (J − 1) (K − 1) probabilities.

subject to the J + K feasibility constraints:
K
X
k=1
J
X

πjk = ρj , j = 1, . . . , J

(8)

πjk = λk , k = 1, . . . , K.

j=1

P P
See Graham, Imbens and Ridder (2007). Since Jj=1 K
k=1 πjk = 1 one constraint is redundant. Table 1 depicts the structure of a feasible assignment. By substituting out the
feasibility constraints, an assignment can be represented in terms of (J − 1) (K − 1) probabilities.
Graham (2011) shows that the difference between two doubly randomized allocations, π 0 and
π is given by
0

θ (π ) − θ (π) =

J−1 K−1
X
X


0
πjk
− π jk (β (wJ , xK ) − β (wJ , xk ) − [β (wj , xK ) − β (wj , xk )]) .

j=1 k=1

(9)
Equation (9) indicates that the average outcome properties of an allocation depend critically
on the complementarity properties of the average match function (AMF). Of particular
interest is the difference between a candidate assignment π and the completely random
rdm
matching πjk
= ρj λk for all j = 1, . . . , J and k = 1, . . . , K:
0

θ (π ) − θ π

rdm



=

J−1 K−1
X
X


0
πjk
− ρj λk (β (wJ , xK ) − β (wJ , xk ) − [β (wj , xK ) − β (wj , xk )]) .

j=1 k=1

(10)
Equation (9) suggests that outcome-maximizing assignments will tend to be assortative
0
(πjk
> ρj λk ) in regions of complementarity (β (wJ , xK )−β (wJ , xk )−[β (wj , xK ) − β (wj , xk )] >
0)
0
and anti-assortative (πjk
< ρj λk ) in regions of substitutability (β (wJ , xK ) − β (wJ , xk ) −
[β (wj , xK ) − β (wj , xk )] < 0).

[Elaborate on connection to the maximum score criterion function of Manski (1975, 1985);
cf., Graham (2011)].
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2

Identification

Prior to formulating conditions for identification, it is useful to consider the anatomy of the
identification problem. For simplicity I will assume that the populations of teachers and
classrooms are equally sized and that all units are matched in the status quo assignment.
Let h = m (i) equal the classroom assigned to teacher i under the status quo. Observed
output is therefore given by

Yi = g Wi , X m(i) , Ui , V m(i) .
In what follows I will write Xi = X m(i) and Vi = V m(i) to simplify the notation (e.g.,
Yi = g (Wi , Xi , Ui , Vi )). Put differently, the i subscript will be used to index both teachers
and teacher-classroom matches (the latter in the status quo assignment).
0
0
Assumption 1. (Random Sampling) {Zi }∞
i=1 for Zi = (Xi , Wi , Ri , Si , Yi ) is random sequence
drawn from the status quo population of matches with distribution function F .

Let m (w, x) = E [Y | W = w, X = x] denote the mean regression function of Y given W = w
and X = x. The difference between m (w, x) and the AMF is given by
ˆ
m (w, x) − β (w, x) =
ˆ
=


g (w, x, u, v) f U,V |W,X (u, v| w, x) − f U |W (u| w) f V |X (v| x) dudv


g (w, x, u, v) f U,V |W,X (u, v| w, x) − f U |W,X (u| w, x) f V |W,X (v| w, x) dudv
ˆ

+ g (w, x, u, v) f U |W,X (u| w, x) f V |W,X (v| w, x)
−f U |W (u| w) f V |X (v| x) dudv,

which indicates that m (w, x) may differ from β (w, x) for two distinct reasons. First, there
may be dependence between U and V within w-by-x cells. This would occur if, for example,
high U teachers systematically match with high V classrooms. This is “bias” due to matching
on unobservables. Second, X may help to predict U (given W ) and/or W may help to
predict V (given X). This is also a type of matching bias. It would arise, for example, if
predominately white classrooms, say type X = x, tended to match with teachers with higher
unobserved quality U , than predominately black classrooms, say type X = x0 ; even when
both types of classrooms choose similar teachers in terms of the observed attribute W .
If the distribution of V is degenerate with mass point v, then (11) specializes to
ˆ
m (w, x) − β (w, x) =


g (w, x, u, v) f U |W,X (u| w, x) − f U |W (u| w) du,
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(11)

which is a traditional expression for “selection bias”. In this case the divergence between
m (w, x) − β (w, x) arises because the X may covary with U , even conditional on W . The
case with V degenerate was the one explored in Graham, Imbens and Ridder (forthcoming).
If, additionally X is degenerate at x, then
ˆ
m (w, x) − β (w, x) =


g (w, x, u, v) f U |W (u| w) − f U |W (u| w) du = 0,

underscoring that dependence between W and U is not of concern, since this joint distribution
is unaffected by reallocations.
In order to develop a constructive identification result for β (w, x), and also γ(w), I make
two additional assumptions. The first restricts the structure of the status quo matching
Assumption 2. (Conditionally Exogenous Matching) The joint distribution of (W, X, R, S, U, V )
factors
FW,X,R,S,U,V (w, x, r, s, u, v) = FW,X,R,S (w, x, r, s) F U |W,R (u| w, r) F V |X,S (v| x, s) .
Note that
ˆ ˆ
f U,V |W,X (u, v| w, x) =

f U |W,R (u| w, r) f V |X,S (v| x, s) f R,S|W,X (r, s| w, x) drds

6= f U |W (u| w) f V |X (v| x) .

(12)

Under Assumption 2 there may be matching on unobservables within W = w by X = x cells.
However within W = w, R = r by X = x, S = s cells there is no matching on unobservables.
I call this conditionally exogenous matching. Assumption 2 may hold for two reasons. First,
it can hold by design. In that case the researcher chooses a feasible joint distribution for
(W, X, R, S), but forms a (W, X, R, S) = (w, x, r, s) match by taking a random draw from
the subpopulation of teachers homogenous in (W, R) = (w, r) and matching her with an
independent random draw from the subpopulation of classrooms homogenous in (X, S) =
(x, s). This is a doubly randomized assignment scheme (cf., Graham, 2008, 2011). Note, as
indicated by (12), this scheme does allow for matching on unobservables within w-by-x sells.
As shown below, the presence of the proxies R and S allows the researcher to “undo” this
sorting in order to recover the AMF.
Second Assumption 2 can be consistent with settings where agents match optimally. This
was shown formally by Graham, Imbens and Ridder (forthcoming) in the context of a version
of the empirical transferable utility matching model of Choo and Siow (2006a,b). A heuristic
explanation of their result is as follows. If both U and V are unobserved by agents prior to
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matching, then U and V will be conditionally independent given (W, X, R, S). Furthermore
(X, S) will have no predictive power for U given (W, R). Candidate partners will use teacher
characteristics, including the proxy R, to forecast unobserved teacher ability, U . Candidate
classroom characteristics (X, S) have no such forecast value. For symmetric reasons (W, R)
will have no predictive power for V given (X, S). The connection between agent’s information
sets and versions of input exogeneity is, of course, not unique to the present problem (e.g.,
Chamberlain, 1984).
Identification will also require a support condition. Let, in an abuse of notation,
pw (r) = Pr ( W = w| R = r)
px (s) = Pr ( X = x| S = s)
pwx (r, s) = Pr ( W = w, X = x| R = r, S = s) .
In certain instances I will also use the notation pj (r) = Pr (W = wj | R = r), pk (s) =
Pr (X = xk | S = s), and pjk (r, s) = Pr ( W = wj , X = xk | R = r, S = s) for j = 1, . . . , J and
k = 1, . . . , K.
Let
SRS (w, x) = {r, s : pw (r) px (s) > 0}
denote the feasible joint support of R and S across the set of W = w to X = x matches. This
set contains all logically possible combinations of R = r and S = r that might be observed
in a W = w to X = x match.
Assumption 3. (Overlap) pwx (r, s) ≥ κ > 0 for all (r, s) ∈ SRS (w, x) .
As suggested by its label, Assumption 3, is related to the overlap assumption made in the
program evaluation literature (e.g., Hahn, 1998; Imbens, 2004). It ensures that all logically
possible combinations of R = r and S = s for a given (w, x) pair are in fact observed in the
set of (w, x) status quo matches.
Consider the mean regression of Y given W, X, R, S
def

E [Y | W = w, X = x, R = r, S = s] ≡ q (w, x, r, s) .

(13)

Note that q (w, x, r, s) is a structural object under (1) and Assumptions 1, 2 and 3. Specifically, the difference
q (w, x0 , r, s0 ) − q (w, x, r, s) ,
gives the expected change in output when a teacher with characteristics (W, R) = (w, r) is
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assigned to a classroom with characteristics (X, S) = (x, s) instead of one with (X, S) =
(x0 , s0 ) .

Let ρw = Pr (Wi = w) and λx = Pr X h = x . My main identification result is
Proposition 1. (Identification) Under (1) and Assumptions 1, 2 and 3 β (w, x) is identified
by
ˆ ˆ
1
β (w, x) =
q (w, x, r, s) pw (r) px (s) fR (r) fS (s) drds.
(14)
ρ w λx
Proof. Observe that under Assumption 2 we have
ˆ ˆ
q (w, x, r, s) =
ˆ ˆ
=
From Bayes’ rule f (r| w) =
above yields
1
ρ λ
ˆ w ˆx

g (w, x, u, v) f U,V |W,X,R,S (u, v| w, x, r, s) dudv
g (w, x, u, v) f U |W,R (u| w, r) f V |X,S (v| x, s) dudv.

pw (r)f (r)
ρw

and f (s| x) =

px (s)f (s)
.
λx

This and the second equality

ˆ ˆ
q (w, x, r, s) pw (r) px (s) fR (r) fS (s) drds

=

q (w, x, r, s) f R|W (r| w) f S|X (s| x) drds

ˆ ˆ ˆ ˆ
=
g (w, x, u, v) f U |W,R (u| w, r) f V |X,S (v| x, s) dudv
×f
(r| w) f S|X (s| x) drds
ˆ ˆR|Wˆ ˆ
=
g (w, x, u, v) f U,R|W (u, r| w) f V,S|X (v, s| x) dudrdvds
ˆ ˆ
=
g (w, x, u, v) f U |W (u| w) f V |X (v| x) dudv
= β (w, x) .
Note that for the object prior to the first equality above to be well-defined we require
Assumption 3. Since all the components to the right of the equality in (14) are asymptotically
revealed under random sampling (Assumption 1), the result follows.
Corollary 1. The average no sorting outcome, γ (x), is identified by
J ˆ ˆ
1 X
γ (x) =
q (wj , x, r, s) pj (r) px (s) fR (r) fS (s) drds.
λx j=1
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3

Semiparametric efficiency bound

Theorems 1 and 2 characterize the semiparametric efficiency bounds for, respectively, β (w, x)
and γ (w), under (1) and Assumptions 1, 2 and 3.
Variance bound for β (w, x)
Let Dw (W ) = Dw = 1 if W = w and zero otherwise. Let Ex (X) = Ex = 1 if X = x and
zero otherwise. Let Twx (W, X) = Twx = 1 if W = w and X = x and zero otherwise. Define
the candidate efficient influence function
φ0 (Z, β (w, x)) = ψ0 (Z, β (w, x)) + ψR (Z, β (w, x)) + ψS (Z, β (w, x))

(15)

where
Twx
f (R| W ) f (S| X)
(Y − q (w, x, R, S))
f (R, S)
pwx (R, S)
Dw
ψR (Z, β (w, x)) =
(eS (w, x, R) − β (w, x))
ρw
Ex
ψS (Z, β (w, x)) =
(eR (w, x, S) − β (w, x))
λx
ψ0 (Z, β (w, x)) =

with
ˆ
eS (w, x, r) =
eR (w, x, s) =

q (w, x, r, s) f (s| x) ds
ˆ
q (w, x, r, s) f (r| w) dr.

Define the candidate variance bound
"
#
2 2
f (R| W = w) f (S| X = x)
σwx (R, S)
−1
I0 (β (w, x))
= E
(16)
f (R, S)
pwx (R, S)

1 
+ E (eS (w, x, R) − β (w, x))2 W = w
ρw

1 
+ E (eR (w, x, S) − β (w, x))2 X = x
λx
πwx
+2
E [(eS (w, x, R) − β (w, x)) (eR (w, x, S) − β (w, x))| W = w, X = x]
ρ w λx
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with
2
(r, s) = V (Y | W = w, X = x, R = r, S = s)
σwx

πwx = Pr (W = w, X = x) .
Theorem 1. The semiparametric efficiency bound for β (w, x) in the problem defined by (1)
and Assumptions 1, 2 and 3 is equal to I0 (β (w, x)) with an efficient influence function of
φ0 (Z, β (w, x)) .
Proof. See Appendix A.
Both the efficient influence function and the variance bound have straightforward interpretations. Consider first the influence function. Its first term, ψ0 (Z, β (w, x)), reflects the
asymptotic penalty associated not knowing conditional distribution of Y given (W, X, R, S).
The second and third terms, ψR (Z, β (w, x)) and ψS (Z, β (w, x)), reflect the contributions of
uncertainty about, respectively, the conditional distributions of R given W and S given X.
The interpretation of I0 (β (w, x))−1 is analogous, with its last term arising from covariance
between ψR (Z, β (w, x)) and ψS (Z, β (w, x)).
Variance bound for γ (w)
Define the candidate efficient influence function

φ0 (Z, γ (w)) = ψ0 (Z, γ (w)) + ψX (Z, γ (w)) + ψR (Z, γ (w)) + ψS (Z, γ (w))
where
Dw
f (R| W )
(Y − m (X, R, S))
f (R| X, S) pw (X, R, S)
ψX (Z, γ (w)) = β (w, X) − γ (w)
Dw
ψR (Z, γ (w)) =
{eXS (w, R) − γ (w)}
ρw
ψS (Z, γ (w)) = eR (w, R, S) − β (w, X)
ψ0 (Z, γ (w)) =

with
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pw (X, R, S) = Pr ( W = w| X = x, R = r, S = s)
m(x, r, s) = E [ Y | X = x, R = r, S = s]
eXS (w, r) = E [eS (w, X, r)] = E [q (w, X, r, S)]
eW R (x, s) = E [eR (W, x, s)] = E [q (W, x, R, s)] .
Define the candidate variance bound



f (R| W = w) σ 2 (X, R, S)
−1
I0 (γ (w))
= E
f (R| X, S)
pw (X, R, S)


+E (β (w, X) − γ (w))2

1 
+ E (eXS (w, R) − γ (w))2 W = w
ρw


+E (eR (w, R, S) − β (w, X))2
+2E [(eXS (w, R) − γ (w)) (β (w, X) − γ (w))| W = w]
+2E [(eR (w, R, S) − β (w, X)) (eXS (w, R) − γ (w))| W = w]
where
σ 2 (X, R, S) = V (Y | X = x, R = r, S = s) .
Theorem 2. The semiparametric efficiency bound for γ (w) in the problem defined by (1)
and Assumptions 1, 2 and 3 is equal to I0 (γ (w)) with an efficient influence function of
φ0 (Z, γ (w)) .
Proof. See Appendix B.
Here the first term in φ0 (Z, γ (w)) is due to uncertainty in Y given (W, X, R, S). The
second from uncertainty in distribution of X and the third and fourth from uncertainty in,
respectively, the distributions of R given W and S given X.
Connections to the program evaluation literature
Semiparametric efficiency for average treatment effect estimate under exogenous treatment
assignment was studied by Hahn (1998), Hirano, Imbens and Ridder (2003), Chen, Hong and
Tarozzi (2009), Graham (2011b) and others. One peculiar feature of this problem is that
knowledge of the propensity score – the conditional distribution of treatment assignment
16

given covariates – lowers the variance bound for the average treatment effect on the treated
(ATT), but not for the average treatment effect (ATE). In the present setting knowledge of
the conditional probabilities of teacher type (W ) given covariates (R), and classroom type
(X) given covariates (S), should lower the variance bound for β (w, x). This is because
β (w, x) is an average of q (w, x, r, s) with respect to the density f (r| w) f (r| x) . When
pw (r) and pw (x) are unknown the efficient estimate of the distribution of R given W = w
is its empirical distribution in the Wi = w subsample. Similarly the efficient estimate of the
distribution of S given X = x is its empirical distribution in the X h = x subsample. When
the propensity score is known, these distribution function estimates are no longer efficient.
For example, the efficient estimate of the distribution of R given W = w places weight
pw (Ri )
ωi = PN
j=1 pw (Rj )
on each observation (cf., Graham, Pinto and Egel, 2013). Since the form of the variance
bound indicates that knowledge of F R|W and F S|X is valuable, knowledge of the “propensity
scores” pw (R) and px (S) will lower the variance bound.
Efficient estimation
Beyond the support condition, (1) and Assumptions 1, 2 and 3 do not restrict the joint
distribution of the observed data Z = (W, X, R0 , S 0 , Y ) . In the terminology of Newey (1990,
1994b), β (w, x) is an unrestricted parameter. Therefore an analog estimator based on Proposition 1 will have an asymptotic variance which coincides with the efficiency bound under
suitable regularity conditions.
P
The form of this analog estimator is as follows. Let ρ̂w = N −1 N
i=1 1 (Wi = w) and

P
N
λ̂x = N −1 h=1 1 X h = x , and q̂ (w, x, r, s), p̂w (r) and p̂x (s) be consistent nonparametric
estimates of q (w, x, r, s), pw (r) and px (s), then estimate β (w, x) by
N
N


1 XX
h
h
β̂V (w, x) =
q̂
w,
x,
R
,
S
p̂
(R
)
p̂
S
.
i
w
i
x
ρ̂w λ̂x N 2 i=1 h=1

1

(17)

Estimator (17) is a V-statistic with an estimated kernel. Distribution theory for related
estimators was developed by Honoré and Powell (1994, 2005) and Aradillas-Lopez, Honoré
and Powell (2007). This estimator is also related to the correlated matching rule estimator
introduced by Graham, Imbens and Ridder (forthcoming; cf., Theorem 7.3). This estimator
is used for the empirical application below.
There may be other efficient estimators. For example, β (w, x) has the inverse probability
17

weighting (IPW) representation (assuming f (R, S) is bounded away from zero on the support
of (R, S)):



f (R| w) f (S| x) Twx Y
E
f (R, S)
pwx (R, S)


=
=
=
=
=
=

 

f (R| w) f (S| x) Twx Y
E E
W, X, R, S
f (R, S)
pwx (R, S)


f (R| w) f (S| x) Twx q (W, X, R, S)
E
f (R, S)
pwx (R, S)


f (R| w) f (S| x) Twx q (w, x, R, S)
E
f (R, S)
pwx (R, S)


f (R| w) f (S| x) q (w, x, R, S)
E [Twx | R, S]
E
f (R, S)
pwx (R, S)


f (R| wj ) f (S| xk )
E
q (wj , xk , R, S)
f (R, S)
ˆ ˆ
q (w, x, r, s) f (r| w) f (s| x) drds.

= β (w, x) .
This suggests the analog estimator
β̂IP W

N
1 X fˆ (Ri | w) fˆ (Si | x) Twx,i Yi
.
(w, x) =
N i=1
p̂wx (Ri , Si )
fˆ (Ri , Si )

The presence of fˆ (Ri , Si ) in the denominator of β̂IP W (w, x) may require the imposition of
additional regularity conditions relative to those required for β̂V (w, x) (cf., Chen, Hong and
Tarozzi, 2008).
[Elaborate more on the IPW representation; intuition etc.]

4

Marital sorting and inequality in Brazil

Brazil is well-known for its high level of inequality and low levels of measured intergenerational mobility (e.g., Lam, 1999; Behrman, Gaviria and Szekely, 2001). Inequality in the
distribution of years of completed schooling “explains” a substantial portion of this inequality
(e.g., Almeida dos Reis and Barros, 1991; Blom, Holm-Neilsen and Verner, 2001). Brazil is
also known for its highly assortative distribution of marriages (e.g., Lam and Schoeni, 1993,
1994; Torche, 2010). The correlation in years of completed schooling across spouses exceeds
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Figure 1: School attendance by age in Brazil
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Age on 1−Feb−96

Source: PNAD 1996 and author’s calculations. Age as of the start of the 1996 school year (February
1st). Figure computed using all 171,750 individuals between the ages of 0 and 25 in the 1996 PNAD
(individual-level sampling weights used).

70 percent.3 Here we explore the contribution of martial sorting by education, age and race
to intergenerational mobility. Specifically we study the relationship between the distribution
of parents’ schooling and the distribution of educational attainment across co-resident adolescent children. Kremer (1997) undertakes a similar analysis using US data and parametric
methods.
Following Lam (1999) our measure of child’s educational attainment is the number of grades
completed per year since age 7. For example, an individual who was age 13 in February 1st,
1996 would have completed a total of 6 grades of schooling, one per year, if she started school
the February in which she was 7 and did not repeat any grades.4 Table 2 lists the number of
grades completed per year for the 27,547 youth in our estimation sample (see below). The
Table also reports the percent of respondents who failed to complete any years of school
by each age, as well as the percentage who have successfully completed all scheduled years
3
Lam and Schoeni (1994) construct comparable samples of married couples from Brazil and the United
States. The correlation in years of completed schooling across spouses is 0.77 in their Brazilian sample and
0.57 in the US sample. Their Brazil sample was from 1982, their US sample 1988. In our base sample below
the correlation is 0.73.
4
Currie and Yelowitz (2000) use a similar measured of educational attainment in the United States
context.
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of schooling by each age (i.e., who started school on time and have not repeated a grade).
Grade repetition is common in Brazil, by age 15, when individuals should have completed all
8 years of primary school, average educational attainment is only 5.6 years (i.e., 0.70 grades
per year). Less than 20 percent of 13 - 18 year olds are at the correct grade for their age,
while 5 - 6 percent have failed to complete any grade by adolescence. Because our measure of
educational attainment declines modestly with age, due to permanent school dropout during
adolescence (see Figure 1), we use an age-adjusted version of it in the calculations which
follow (see the notes to the Table 2 for description of the adjustment).
There is substantial variation in educational attainment across individuals by mid-adolescence.
These differences are consequential for lifetime earnings: estimates of the returns to an additional year of schooling in Brazil are high, on the order of 10 to 15 percent (Lam and Schoeni,
1993, 1994) Since large differences in human capital acquisition develop during childhood,
when parental influences are typically strong, it is of interest to study the role of parents
own schooling in explaining them. If both parents’ schooling does exert a strong influence
on the educational attainment of their children, then assortative marriage by education may
exacerbate inequality (cf., Kremer, 1997).

4.1

Construction of estimation sample

The Pesquisa Nacional por Amostra de Domicilios (PNAD) 1996 sampled 43,881 adolescents,
defined as respondents between the ages of 13 and 18 on February 1st, 1996 (The first week
of February is the start of the Brazilian school year). Of these 28,141 lived in a home where
their birth mother was either the household head or the spouse of the household head. The
balance of the 13 - 18 year olds either lived in homes without their birth mother, or, more
often, in homes where their birth mother was neither head nor spouse of head. A total 27,547
of these respondents also lived with their mother’s spouse, in most cases presumably their
birth father (but also possibly a step-father).5 Grades completed per year for this subsample
are reported in Table 2 above.
5

The household roster information available in the PNAD does not allow me to distinguish between
fathers and step-fathers.
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Table 2: Grades completed per year since age 7
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Child age

13-18

13

14

15

16

17

18

Grades per year
% 0 grades per year
% 1 grade per year
N

0.7020
5.6
16.9
27,547

0.7439
5.9
20.8
5,576

0.7312
5.3
19.1
5,259

0.7048
5.7
16.5
4,887

0.6915
5.5
13.8
4,474

0.6673
5.7
13.2
3,965

0.6380
5.8
15.7
3,386

13-18
(adjusted)
0.7046
27,547

Source: PNAD 1996 and author’s calculations. Averages weighted using the PNAD individual-level sampling weights. The construction
of the sample is described in the main text. The right-hand column reports an age-adjusted measure of years of completed schooling per
year. This measure is constructed by adding the residuals from a least squares fit of grades per year on a set of age dummies, to the
average number of grades completed by 15 years olds in the sample. Individual-level sampling weights provided in the PNAD are used
for these calculations.

Table 3: Age-adjusted grades completed by age 15 by years of parental schooling
A. Mother’s years-of-schooling
All
0
1-3
4-7
8-10
11+
Grades per year
0.7622 0.4676 0.6340 0.8042 0.8887 0.9781
Total grades by age 15
6.10
3.74
5.07
6.43
7.11
7.83
B. Father’s years-of-schooling
All
0
1-3
4-7
8-10
11+
Grades per year
0.7622 0.4768 0.6585 0.8106 0.8962 0.9771
Total grades by age 15
6.10
3.81
5.27
6.49
7.17
7.82
Source: PNAD 1996 and author’s calculations. Sample consists the 11,220 families described
in the main text. All averages use the household-level weights provided in the PNAD. Grades
per year refers to the age adjusted measure described in the notes to Table 2 above.
We further focus on families where both parents are between the ages of 35 and 55. This age
group includes most families with adolescent aged children. A total of 20,806 intact couples
in this age group, with one member of the couple being the household head, are present in
the PNAD. About 12,500 of these couples have adolescent aged children in their household.
For 11,220 of these couples we have complete date on child’s schooling, parents’ schooling
and grandparents’ schooling. All results reported below are based on these 11,220 complete
cases. In households with multiple adolescent siblings we use a household average of our
“grades per year” measure as the outcome.
Table 3 reports grades completed per year between the ages of 7 and 15 by parental years of
schooling. Consistent with prior research, parent education is strongly predictive of child’s
educational attainment (e.g., Lam and Duryea, 1999).
In Panel A of the table we see that while children of women who have themselves completed
no schooling complete, on average, only 3.7 grades by age 15, children of women who have
completed secondary school (11+ years of schooling) complete, on average, 7.8 years of
schooling. Panel B reports the relationship with father’s schooling and child’s educational
attainment. Father’s education is equally predictive of child’s schooling.
If both parents’ educational background independently influences their child’s educational
attainment, then assortative matching by education in the marriage market will increase
inequality in the next generation (e.g., Kremer, 1997; Torche, 2010). Depending on whether
maternal and paternal education are complements or substitutes, such sorting may also raise
or lower average education for the next generation relative to a hypothetical world where
marriage is “random”.
Table 4 reports the conditional frequency distribution of father’s schooling given mother’s
schooling. Marriage is highly assortative in Brazil. If one’s mother never attended school,
there is almost a 60 percent chance that one’s father also did not go to school. Likewise,
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Table 4: Conditional distribution of father’s school given mother’s schooling
MOTHER/FATHER
0 1-3 4-7 8-10 11+
0
59.0 19.8 18.0
2.2 1.1 100.0
25.8 39.3 28.6
4.3 2.0 100.0
1-3
4-7
10.2 17.5 52.2 12.1 8.0 100.0
3.4 8.3 30.2 32.0 26.1 100.0
8-10
11+
1.6 2.7 14.7 14.6 66.3 100.0
17.9 17.7 32.4 12.2 19.8 100.0
Source: PNAD 1996 and author’s calculations. Sample consists the 11,220 families described
in the main text. Rows and columns respectively refer to ranges of years of completed
schooling of mothers and fathers. Entries give the conditional frequency (multiplied by 100
to yield a percent) of various levels of father’s education given mother’s education. All
calculations use the household-level weights provided in the PNAD.
Table 5: Conditional distribution of paternal given maternal grandparents schooling
Maternal Paternal
NS/NS NS/SS SS/NS SM/SM 16.6
(Grandmother/Grandfather)
NS/NS
66.1
11.8
8.5
13.7 100.0
NS/SS
37.4
22.8
7.9
31.9 100.0
SS/NS
39.3
12.8
16.9
31.1 100.0
16.6
12.0
8.2
63.1 100.0
SS/SS
39.8
13.5
9.1
37.6 100.0
Source: PNAD 1996 and author’s calculations. Sample consists the 11,220 families described
in the main text. “NS” refers to no schooling or schooling unknown, “SS” refers to some
schooling. Grandparents are ordered as grandmother first, grandfather second. Hence NS/SS
means a grandmother with no schooling and a grandfather with some schooling. Entries give
the conditional frequency (multiplied by 100 to yield a percent) of various levels of paternal
grandparents’ education given maternal grandparents’ education. All calculations use the
household-level weights provided in the PNAD.
there is only a 1 percent chance that one’s father graduated from secondary school for this
group (11+ years of school). In contrast, 66 percent of children of mothers who completed
secondary school had fathers who also completed secondary school. Less than two percent
of this group had fathers with no schooling. Assortative matching is strongest in the tails
of the education distribution, with more mixing across intermediate levels of educational
attainment.
The PNAD 1996 also includes information on grandparents schooling. Table 5 reports the
conditional frequency distribution of paternal grandparents’ schooling given maternal grandparents’ schooling. Marriage is also highly assortative by parents’ education in Brazil.
Finally Table 6 reports the conditional distribution of father’s race given mother’s race.
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Table 6: Conditional distribution of father’s race given mother’s race
MOTHER/FATHER White/Asian Black/Mixed
White/Asian
80.7
19.3
100.0
18.4
81.6
100.0
Black/Mixed
44.1
56.0
100.0
Source: PNAD 1996 and author’s calculations. Sample consists the 11,220 families described
in the main text.
Marriage is also assortative by race in Brazil (albeit less so than in the United States).

4.2

Model specification

We categorize both mothers and fathers by 16 education levels (0 to 15+ years of schooling), two age levels (35 to 44 and 45 to 54) and two racial categories (White/Asian and
Black/Mixed). This results in a total of 16 × 2 × 2 = 64 “types” of women and men. The
support points of W and X correspond to these types. Maternal and paternal grandparents’ schooling serve as, respectively, R and S in our analysis. We categorize grandparents
schooling using the four combinations presented in Table 5.
Assumption 2 requires that the unobserved determinants of marriage vary independently of
the unobserved determinants of children’s educational attainment within W = w, R = r by
X = x, S = s cells. If individual sort on unobserved attributes that are themselves strongly
correlated with child outcomes within W = w, R = r by X = x, S = s cells, and the
distribution of these characteristics varies with (W = w, R = r) and/or (X = x, S = s),
then Assumption 2 will fail. In our context, where potential marriage partners likely have
substantially more information about one another than the econometrician, Assumption 2
is strong. On the other hand, as we will show below, parents’ and grandparents’ education
are very strong predictors of child’s educational attainment and hence our basic results may
be reasonably robust to modest deviations from Assumption 2. We do not perform a formal
sensitivity analysis in what follows, but developing such methods would be a useful area of
future research.
Assumption 3 requires that 0 < κ ≤ pwx (r, s) ≤ 1 for all (r, s) ∈ SRS (w, x) at all combinations of W = w and X = x of interest. In our sample all sixteen combinations of maternal
and paternal grandparents’ education are observed for each possible combination of parents’
type, so that Assumption 3 is satisfied. If a finer partition of grandparents’ education is
used, however, overlap issues do arise. So in our case, satisfying Assumption 3 is partially
an artifact of our definitions of R and S to include just four support points each.
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Parametric analysis
Table 7 presents estimates of various regression functions mapping parental schooling into
child schooling. Column one reports the coefficient on mother’s schooling in a least squares
fit of child’s years of schooling per year on mother’s years of completed schooling and demographics (see the notes to the Table for more details). Consistent with the summary statistics
reported in Table 3, the coefficient on mother’s schooling is large and precisely estimated.
The estimated coefficient suggests that each year of mother’s schooling is associated with an
additional 8 × 0.0335 ≈ 0.27 years of completed child schooling. Hence the schooling gap
between the child of a women with no schooling versus a high school graduate is expected
to be almost three years.
Column 2 adds father’s years of completed schooling and demographics as additional covariates. In this specification both parental school variables enter significantly and are precisely
estimated. Column 3 adds an interaction in parental schooling to the model (both parental
schooling variables are deviated from their sample mean in forming the interaction). This
variable enters with a negative sign and is precisely estimated. The column 3 estimate
suggests that mother and fathers’ schooling are substitutes. This, in turn, implies that
assortative matching by education, in addition to generating inequality in educational attainment, may also be inefficient from the vantage point of educational attainment for the
next generation. Columns 4 to 7 report the 1 to 3 specification with the additional inclusion
of controls for grandparents’ education. The inclusion of these controls modestly lowers the
point estimates of the parental schooling coefficients, which remain precisely determined.
Nonparametric analysis
The joint support of (W, X, R, S) includes 64 × 64 × 4 × 4 = 65, 536 points of support.
The sample sizes available to us are not sufficiently large for a fully flexible specification of
q (w, x, r, s). Instead we proceed as follows. For each of the 16 subsamples defined in terms
of unique combinations of realizations of R and S we compute a least squares fit of child’s
grades completed per year on a 4th order polynomial in parents’ schooling (including all
interactions) and dummies for parents’ race and age.6
6

Interactions in parents’ race and age are also included. Separability of q (w, x, r, s) in parents’ education,
age and race is maintained.
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Table 7: Parametric estimates of q (w, x, r, s)
(1)
(2)
(3)
(4)
(5)
(6)
MOTHERS’
0.0335
0.0194
0.0227
0.0306
0.0178
0.0214
YEARS-OF-SCHOOLING
(0.0006)
(0.0008)
(0.0009)
(0.0007)
(0.0009)
(0.0009)
FATHERS’
0.0181
0.0238
0.0168
0.0226
YEARS-OF-SCHOOLING
(0.0008)
(0.0008)
(0.0008)
(0.0009)
MOTHERS’×FATHERS’
−0.0032
−0.0030
YEARS-OF-SCHOOLING
(0.0001)
(0.0001)
Mothers’ demographics
Yes
Yes
Yes
Yes
Yes
Yes
Fathers’ demographics
No
Yes
Yes
No
Yes
Yes
Maternal grandparents schooling
No
No
No
Yes
Yes
Yes
Paternal grandparents schooling
No
No
No
No
Yes
Yes
2
R
0.3021
0.3463
0.3845
0.3111
0.3531
0.3877
Source: PNAD 1996 and author’s calculations. Sample consists the 11,220 families described in the main text. Demographics
include a dummy for race (White/Asian vs. Black/Mixed) and a quadratic function in age. The grandparents’ schooling controls
include dummies for each of the four possible schooling combinations used in Table 5. All controls are entered linearly with no
interactions. Estimation is by least squares using the household-level sampling weights provided in the PNAD. Standard errors,
in parentheses, are heteroscedastic robust.

The 4th order specification was chosen to balance parsimony with flexibility. Recall that
the efficiency properties of any matching are strongly determined by the complementarity
properties of the average match function (AMF). The 4th order specification implies that the
“cross-derivative” of the AMF is a second order polynomial in parents’ schooling (including
an interaction). This specification does not, a priori, impose super- or sub-modularity on the
match function. It is flexible enough to allow for parents’ education to be complementary
inputs at certain combinations of parental education and substitutable inputs at other combinations. In total our model for q (w, x, r, s) includes 16 × 21 = 336 parameters. With this
estimate of q (w, x, r, s) in hand, the AMF is computed for various combinations of W = w
and X = x using (17). Nonparametric cell mean estimators are used to compute ρw , λx ,
pw (r) and px (s).
Figure 2 plots β̂ (w, x) in mother and fathers’ years of completed schooling space, holding
both parents race fixed at White/Asian and their age fixed at 35 - 44. Consistent with
the parametric analysis, child’s education is increasing in both mother and father’s years of
completed schooling, but important nonlinearities are also apparent in the figure. First, if
father’s schooling is low, then the AMF increases relatively steeply with mother’s schooling.
Likewise if mother’s schooling is low, the rise in the AMF with father’s schooling is relatively
steep. Increases in parental education are especially important, when one parent has very
low levels of schooling. Second, for higher levels of mother’s schooling, the effect of additional
years of father’s schooling is very modest to flat and possibly even negative at the highest
levels of mother’s schooling (although this portion of the AMF, the upper-right-hand region
of the figure, is imprecisely estimated). Third, even at high levels of father’s schooling, there
are strong returns to increases in mother’s schooling from very low, to modest levels.
Figure 3 shows the relationship between mother’s years of completed schooling and child’s
educational attainment observed in our sample (“status quo”/ light gray line) and under
two different counterfactual marriage distributions. The first, labelled “conditionally random” in the figure, replaces fW XRS (w, x, r, s) with fW X (w, x) f R|W (r| w) f S|X (s| x). This
assignment maintains the observed degree of assortativeness of across parental characteristics, but eliminates any matching on R and S (grandparents’ schooling). The dark line in
P
7
the upper-left-hand graph corresponds to K
k=1 β (w, xk ) f X|W (xk | w).
The difference between the dark (conditionally random) and light (status quo) assignments is
plotted in the lower-left-hand figure. This difference can be viewed as the effect of “matching
bias” on the observed distribution of child’s educational attainment under our maintained
assumptions. For example, part of the observed lower levels of education attainment amongst
7

In fact it is an average of this object across different combinations of couple race and age.
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Figure 2: Average match function for White/Asian couples aged 35 to 44
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Source: PNAD 1996 and author’s calculations. Figure graphs β̂ (w, x) in mother’s and
father’s years-of-schooling space holding race and age fixed at, respectively, White/Asian
and 35 to 44. Estimation procedure is as described in the main text.
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Figure 3: Mother and child’s schooling: status quo vs. counterfactuals
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Source: PNAD 1996 and author’s calculations.
children of poorly educated mothers is due to the fact that, not only do such women tend to
marry men with low levels of education, but these men tend to also have unobserved characteristics which are themselves associated with lower levels of child schooling. Put differently,
not only is a women with no education more likely to marry a man with no education,
amongst men with no education she is more likely to marry one whose parents were also of
low socioeconomic status. The upper-left-hand figure plots the counterfactual mapping from
mother to child’s schooling if this last source of “matching bias” were eliminated. Eliminating
matching bias modestly raises education for children of mothers with low levels of schooling
and leaves attainment for those of more educated mothers virtually unchanged.
In the second counterfactual marriage assignment, fW XRS (w, x, r, s) is replaced with
fW (w) fX (x) f R|W (r| w) f S|X (s| x) .
The mapping from mother to child’s schooling under this assignment is plotted in the upperright-hand figure (dark line). Specifically the dark line corresponds to the ANSO, γ (w) =
PK
k=1 β (w, xk ) fX (xk ). The mapping which only eliminates matching on R and S is also
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plotted for comparison purposes in light gray. This figure gives an estimate of what a child’s
educational attainment would be for different levels of mother’s education is marriage was
completely at random. [Need to comment on relationship to “cross partial” of the AMF] The
bottom-right-hand figure indicates that eliminating assortative matching on the marriage
market would raise education attainment amongst children of poorly educated mothers and
lower it among those of highly educated mothers. However, the beneficial effects on the
former, are larger than the adverse effects on the latter. This is consist with Figure 2 which
suggests that parents schooling are substitutes over much of the joint support of W and X
(see also the negative interaction coefficient in Table 7).
Table 8 reports differences in grades completed per year across individuals with different
levels of parental education. These differences are reported as observed (status quo) as well
as under the counterfactual random matching. In Brazil the children of mother’s who have
completed the first cycle of primary school (4 years) accumulate on average 0.3289 more
years of school per year between the ages of 7 and 15, than children of mother’s with no
education. A gap that accumulates into a difference of over 2.5 years of completed schooling
by age 15. Under the counterfactual random matching this gap falls by over 50 percent.
Eliminating assortative matching leads to more modest declines in the schooling gap across
other levels of mother’s education.
Table 9 reports estimates of the change in average child’s education associated with moving
from the status quo to random matching. Such a change would, under the maintained
assumptions, raises average schooling by almost half a year (a little less than a 10 percent
gain).
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Table 8: Gaps in grades completed per year by mother’s education and race
4 vs. 0
8 vs. 4
11-14 vs. 8
15+ vs. 11-14
White
Black
years
years
years
years
0.3289
0.0858
0.0700
0.0704
0.8370
0.6402
STATUS QUO
(0.0099)
(0.0096)
(0.0097)
(0.0103)
(0.0034)
(0.0051)
0.1536
0.0621
0.0405
0.1472
0.8421
0.7411
RANDOM MATCHING
(0.0184)
(0.0085)
(0.0117)
(0.0663
(0.0087)
(0.0090)
Source: PNAD 1996 and author’s calculations.

Dif.
0.1967
(0.0062)
0.1010
(0.0095)

Table 9: Aggregate education: status quo vs. random matching
Grades per year Grades by age 15
0.7622
6.0973
STATUS QUO
(0.0033)
(0.0263)
0.8162
6.5296
RANDOM MATCHING
(0.0085)
(0.0680)
Source: PNAD 1996 and author’s calculations.

5

Conclusion

[To be completed]
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A

Proof of Theorem 1

In calculating the semiparametric efficiency bound for the model defined by (1) and Assumptions 1 to 3 above I follow the general approach of Bickel, Klaassen, Ritov and Wellner
(1993) and, especially, Newey (1990, Section 3). First, I characterize the nuisance tangent space. Second, I demonstrate pathwise differentiability of the average match function
βjk = β (wj , xk ). The efficient influence function is the projection of the pathwise derivative
onto the nuisance tangent space. In the present case the pathwise derivative is an element of
the tangent space and therefore coincides with the required projection (i.e., βjk is a parameter of an unrestricted distribution and hence the pathwise derivative is unique; cf. Newey
(1994b)). The main result then follows from Theorem 3.1 of Newey (1990, p. 106).
Step 1: Characterization of tangent space
The joint density function of Z = (W, X, Y, R0 , S 0 )0 , recalling that
pjk (r, s) = Pr ( W = wj , X = xk | R = r, S = s) ,
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ρj = Pr (W = wj ) and λk = Pr (X = xk ), is conveniently factorized as follows:
f (y, w, x, r, s) =

J Y
K
Y

f (y| wj , xk , r, s)dj ek f (r, s| wj , xk )dj ek Pr (W = wj , X = xk )dj ek

j=1 k=1

=

J Y
K
Y

f (y| wj , xk , r, s)

dj ek

f (y| wj , xk , r, s)

dj ek

f (wj , xk , r, s)
f (r| wj ) f (s| xk ) ρj λk
f (wj , r) f (xk , s)



pjk (r, s) f (r, s)
f (r| wj ) f (s| xk ) ρj λk
pj (r) pk (s) f (r) f (s)

j=1 k=1

=

J Y
K
Y

dj ek



j=1 k=1

dj ek

where I suppress the functional dependence of dj on w and ek on x.8 Recall also that
pj (r) = Pr ( W = wj | R = r) and pk (s) = Pr ( X = xk | S = s) .
Consider a regular parametric submodel with f (y, w, x, r, s; η) = f (y, w, x, r, s) at η = η0 .
The submodel joint density is given by
f (y, w, x, r, s; η) =

J Y
K
Y

f (y| wj , xk , r, s; η)dj ek .

j=1 k=1

dj ek
pjk (r, s; η)
f (r, s; η)
×
f (r| wj ; η) f (s| xk ; η) ρj (η) λk (η)
pj (r; η) pk (s; η) f (r; η) f (s; η)


The submodel log likelihood is
ln f (y, w, x, r, s; η) =

J X
K
X

dj ek ln f (y| wj , xk , r, s; η)

j=1 k=1

+

J X
K
X


dj ek ln

j=1 k=1

+

J X
K
X

pjk (r, s; η)
f (r, s; η)
pj (r; η) pk (s; η) f (r; η) f (s; η)

dj ek ln f (r| wj ; η) +

j=1 k=1

+

J X
K
X

J X
K
X



dj ek ln f (s| xk ; η)

j=1 k=1

dj ek ln ρj (η) +

j=1 k=1

J X
K
X

dj ek ln λk (η)

j=1 k=1

8

That is Dj = Dj (W ) = 1 if W = wj and zero otherwise and that Ek = Ek (X) = 1 if X = xk and zero
otherwise
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,

PJ PK
PJ
Using the fact that
j=1
k=1 dj ek ln f (r| wj ; η) =
j=1 dj ln f (r| wj ; η), and a similar
simplification holding for the last three terms in the above likelihood, we get
ln f (y, w, x, r, s; η) =

J X
K
X

dj ek ln f (y| wj , xk , r, s; η)

j=1 k=1

+

J X
K
X


dj ek ln

j=1 k=1

+

J
X

f (r, s; η)
pjk (r, s; η)
pj (r; η) pk (s; η) f (r; η) f (s; η)

dj ln f (r| wj ; η) +

j=1

+

K
X



ek ln f (s| xk ; η)

k=1

J
X

dj ln ρj (η) +

j=1

K
X

ek ln λk (η) ,

k=1

with an associated score vector of
sη (y, w, x, r, s; η) =

K
J X
X

dj ek sη (y| wj , xk , r, s; η)

j=1 k=1

+

J X
K
X

dj ek kη (wj , xk , r, s; η)

j=1 k=1

+

J
X

dj tη (r| wj ; η) +

j=1

+

J
X

K
X

ek tη (s| xk ; η)

k=1

dj ρjη (η) +

j=1

K
X

ek λkη (η) ,

k=1

where
sη (y| wj , xk , r, s; η) = ∇η ln f (y| wj , xk , r, s; η)
kη (wj , xk , r, s; η) = ∇η ln pjk (r, s; η) − ∇η ln pj (r; η) − ∇η ln pk (s; η)
+∇η ln f (r, s; η) − ∇η ln f (r; η) − ∇η ln f (s; η)
tη (r| wj ; η) = ∇η ln f (r| wj ; η)
tη (s| xk ; η) = ∇η ln f (s| xk ; η)
∂ ln ρj (η)
ρjη (η) =
∂η
∂ ln λk (η)
λkη (η) =
.
∂η
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(18)

By the usual conditional mean zero property of the score function,
E [sη (Y | W, X, R, S)| W, X, R, S] = 0
E [kη (W, X, R, S)] = 0
E [tη (R| W )| W ] = 0
E [ tη (S| X)| X] = 0,

(19)

where the suppression of η in a function means that it is evaluated at is population value
(e.g., tη (S| X) = tη (S| X; η0 )).
From (18) and (19) the tangent set is therefore given by
T

=

( J K
XX

dj ek s (y| wj , xk , r, s) +

J X
K
X

j=1 k=1

+

J
X

j=1 k=1

dj t (r| wj ) +

j=1

dj ek k (wj , xk , r, s)

K
X

ek t (s| xk ) +

J
X

d j aj +

j=1

k=1

K
X

)
e k bk

,

(20)

k=1

where aj and bk are finite constants for j = 1, . . . , J and k = 1, . . . , K and s (y| w, x, r, s),
k (w, x, r, s), t (r| w) and t (s| x) satisfy
E [s (Y | W, X, R, S)| W, X, R, S] = 0
E [k (W, X, R, S)] = 0
E [t (R| W )| W ] = 0
E [t (S| X)| X] = 0.
Step 2: Demonstration of Pathwise Differentiability
Under the parametric submodel β (η) is identified by
ˆ ˆ ˆ
β (w, x; η) =


yf (y| w, x, r, s; η) dy f (r| w; η) f (s| x; η) drds.
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Differentiating under the integral and evaluating at η = η0 gives
∂β (w, x; η0 )
=
∂η 0

ˆ ˆ

E [Y sη (Y | W, X, R, S; η0 )| w, x, r, s] f (r| w; η0 ) f (s| x; η0 ) dydrds
ˆ ˆ
∂ log f (r| w; η0 )
+
q (w, x, r, s; η0 )
f (r| w; η0 ) f (s| x; η0 ) drds
∂η 0
ˆ ˆ
∂ log f (s| x; η0 )
+
q (w, x, r, s; η0 ) f (r| w; η0 )
f (s| x; η0 ) drds
∂η 0
ˆ ˆ
=
E [Y sη (Y | W, X, R, S; η0 )| w, x, r, s] f (r| w; η0 ) f (s| x; η0 ) dydrds
ˆ
∂ log f (r| w; η0 )
+ eS (w, x, r; η0 )
f (r| w; η0 ) dr
∂η 0
ˆ
∂ log f (s| x; η0 )
+ eR (w, x, s; η0 )
f (s| x; η0 ) ds
∂η 0
ˆ ˆ
=
E [Y sη (Y | W, X, R, S; η0 )| w, x, r, s] f (r| w; η0 ) f (s| x; η0 ) dydrds


∂ log f (R| w; η0 )
W =w
+E eS (w, x, R; η0 )
∂η 0


∂ log f (S| x; η0 )
X=x ,
(21)
+E eR (w, x, S; η0 )
∂η 0

where
ˆ
eS (w, x, r; η0 ) =
eR (w, x, s; η0 ) =

ˆ

q (w, x, r, s; η0 ) f (s| x; η0 ) ds
q (w, x, r, s; η0 ) f (r| w; η0 ) dr.

To demonstrate pathwise differentiability of βjk = β (wj , xk ) we require Fjk (Y, W, X, R, S)
such that


∂β (wj , xk ; η0 )
= E Fjk (Y, W, X, R, S) sη (Y, W, X, R, S; η0 )0 .
(22)
0
∂η
With some work it is possible to show that condition (22) holds for
Fjk (Y, W, X, R, S) =

f (R| W ) f (S| X) Dj Ek
(Y − q (wj , xk , R, S))
f (R, S)
pjk (R, S)
Dj
Ek
(eS (wj , xk , R) − βjk ) +
(eR (wj , xk , S) − βjk ) .
+
ρj
λk

(23)

I evaluate the covariance of each of the three terms in (23) with sη (Y, W, X, R, S; η) in turn.
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I begin with

E

f (R| W ) f (S| X) Dj Ek
f (R, S)
pjk (R, S)
× (Y − q (w1 , x1 , R, S))


f (R| W ) f (S| X) Dj Ek
f (R, S)
pjk (R, S)
× (Y − q (wj , xk , R, S)) Dj Ek sη (Y | W, X, R, S; η0 )]

f (R| W ) f (S| X) Dj Ek
+E
f (R, S)
pjk (R, S)
× (Y − q (wj , xk , R, S)) Dj Ek sη (W, X, R, S; η0 )]


f (R| W ) f (S| X) Dj Ek
= E
Y sη (Y | W, X, R, S; η0 )
f (R, S)
pjk (R, S)

f (R| W ) f (S| X) Dj Ek
= E
f (R, S)
pjk (R, S)
×E [Y sη (Y | W, X, R, S; η0 )| W, X, R, S]]
ˆ ˆ X
K
J X
f (r| wl ) f (s| xm ) Dj (wl ) Ek (xm )
=
f (r, s)
pjk (r, s)
l=1 m=1

×Dj Ek sη (Y, W, X, R, S; η0 )] = E

×E [Y sη (Y | W, X, R, S; η0 )| wl , xm , , r, s] plm (r, s)] f (r, s) drds
ˆ ˆ
=
E [Y sη (Y | W, X, R, S; η0 )| W = wj , X = xk , r, s]
×f (r| wj ) f (s| xk ) drds,
which coincides with the first component of (21). The second equality above follows by
iterated expectations and the conditional mean zero property of the score function. The
third and fourth equalities follow from applications of iterated expectations.
To evaluate the covariance of the second two terms in (23) with sη (Y, W, X, R, S; η0 ) the
following alternative density factorizations will prove useful:
f (w, x, r, s; η) = f (r| w; η) f (x, s| w, r; η) f (w; η)
f (w, x, r, s; η) = f (s| x; η) f (w, r| x, s; η) f (x; η) .
These give, in an abuse of notation, the score decompositions
sη (Y, W, X, R, S; η) = sη (Y | W, X, R, S; η) + tη (R| W ; η) + sη (X, S| W, R; η) + sη (W ; η)
sη (Y, W, X, R, S; η) = sη (Y | W, X, R, S; η) + tη (S| X; η) + sη (W, R| X, S; η) + sη (X; η) .
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By the conditional mean zero property of the score function



Dj
E
(eS (wj , xk , R) − βjk ) sη (Y | W, X, R, S) = 0.
ρj
Using iterated expectations further yields




Dj
Dj
(eS (wj , xk , R) − βjk ) sη (W ) = E sη (W ) E
(eS (wj , xk , R) − βjk ) W
E
ρj
ρj
= sη (wj ) E [(eS (wj , xk , R) − βjk )| W = wj ]


= sη (wj ) (βjk − βjk )
= 0.
Similarly, using iterated expectations and the conditional mean zero property of the score
function, yields



Dj
Dj
(eS (wj , xk , R) − βjk ) sη (X, S| W, R) = E
(eS (wj , xk , R) − βjk ) E [ sη (X, S| W, R)| W, R]
E
ρj
ρj


Dj
= E
(eS (wj , xk , R) − βjk ) · 0
ρj
= 0.


Finally





Dj
Dj
∂ log f (R| W ; η0 )
E
(eS (wj , xk , R) − βjk ) tη (R| W ) = E
(eS (wj , xk , R) − βjk )
ρj
ρj
∂η 0
 

Dj
∂ log f (R| W ; η0 )
(eS (wj , xk , R) − βjk )
W
= E E
ρj
∂η 0


∂ log f (R| W ; η0 )
W = wj
= E (eS (wj , xk , R) − βjk )
∂η 0


∂ log f (R| W ; η0 )
= E eS (wj , xk , R)
W = wj ,
∂η 0
again using the conditional mean zero property of the score function in moving the secondto-last to last equality. Putting these results together gives





Dj
∂ log f (R| wj ; η0 )
E
(eS (wj , xk , R) − βjk ) sη (Y, W, X, R, S; η0 ) = E eS (wj , xk , R)
W = wj .
ρj
∂η 0
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Analogous calculations yield the expression





Ek
∂ log f (S| xk ; η0 )
E
(eR (wj , xk , S) − βjk ) sη (Y, W, X, R, S; η0 ) = E eR (wj , xk , S; η0 )
X = xk .
λk
∂η 0
These expressions coincide with the second and third components of (21). Condition (22)
then holds for Fjk (Y, W, X, R, S) as defined in (23).
Step 3: Calculation of projection
The semiparametric variance bound for βjk is the expected square of the projection of
Fjk (Y, W, X, R, S) onto T . Since Fjk (Y, W X, R, S) ∈ T it coincides with the required projection and is therefore the efficient influence function as claimed. Here
f (R| wj ) f (S| xk ) Dj Ek
(Y − q (wj , xk , R, S))
f (R, S)
pjk (R, S)
P P
Dj
Ek
plays the role of Jj=1 K
k=1 dj ek s (y| wj , xk , r, s) and ρj (eS (wj , xk , R) − βjk ) and λk (eR (wj , xk , S) − βjk )
the roles of, respectively, dj t (r| wj ) and ek t (s| xk ) . Zeros plays the role of the remaining
terms. Note that the first term of the efficient influence function is conditionally mean zero
given (W, X, R, S) as required. The second and third terms are conditional mean zero given,
respectively, R and S as required.
The form of the efficient influence function given in the statement of Theorem 1 coincides


Fjk (Y, W, X, R, S) and the variance bound with E Fjk (Y, W, X, R, S)2 .

B

Proof of Theorem 2

[To be completed]
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